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Suggested Solutions of Written Test 
 
 
 
 
1. If the average of two numbers is 12 +x  and one of the numbers is x, what is the other number? 

Let y be the other number. 

12
2

+=
+

x
yx

 

24 +=+ xyx  
23 += xy  

 
Answer: D 

 
 
 
 
2. Find the perimeter of a regular hexagon inscribed in a circle of radius 5 meters. 
 

The side of the hexagon has length 5 meters. The perimeter of the regular hexagon is 3065 =×  
meters.  

 
 
 

Answer: A 
 

 
 
 
 
 

3. The two shortest sides of a right triangle have lengths 2 and 5  respectively.  Let x be the 
smallest angle of the triangle.  What is xcos ? 

 

The hypotenuse of the right triangle has length ( ) 352
22 =+ . The adjacent side of the 

smallest angle x has length 5 .  
 

3
5

cos =x  

Answer: D 
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4. The figure below shows a solid cube with edge length 3. What is the surface area of the figure 
obtained by removing the three labeled unit cubes from the large cube shown?  

 
 
 The surface area of the large cube is 54. The surface area is 

increased by 2 after the unit cube A is removed. The surface area is 
unchanged after the unit cube B is removed. And the surface area 
is increased by 4 after the unit cube C is removed. Therefore, the 
surface area of the figure is 604254 =++ after the three labeled 
unit cubes are removed 

 
 
 
 

Answer: C 
 
 
5. In the figure, triangle ABC is a right triangle with right angle B. BD is an altitude of the triangle.  

If xAB =  and yBC = , find the ratio of the area of triangle ABD to the area of triangle BCD.   
 

ABD∆ is similar to BCD∆  

 
y
x

BC
AB

BD
AD

==  and 
y
x

BC
AB

DC
BD

==  

 
2

2

))((
2
1

))((
2
1

y
x

DCBD

BDAD

BCDofarea
ABDofarea

==
∆
∆

 

 
 

Answer: B 
 
 
6. Hurricanes are very low pressure areas with diameters of over 500 miles.  The barometric air 

pressure “P” in inches of mercury at a distance of “x” miles from the eye of a hurricane is 
modeled by the function 27)1(log5.0)( 9 ++= xxP .  At what distance from the eye of the 
hurricane is the air pressure 28 inches of mercury? 

 
27)1(log5.028 9 ++= x  

)1(log5.01 9 += x  

)1(log2 9 += x  

192 += x  
80=x  

 
 
 

 Answer: C  

 

A                     D                                              C 

B 

y x 

 



Math Bowl 2008 

 3 

7. Let P be the point )2,3( .  Let Q be the reflection of P about the x-axis.  Let R be the reflection of 
Q about the line xy −= , and let S be the reflection of R about the origin.  What is the distance 
between points P and S? 

 
 The point Q is )2,3( − , the point R is )3,2( − , and the point S is )3,2(−  
 The distance between P and S is  

26)32())2(3( 22 =−+−−  
 

Answer: B  
 
 
8. The diameter of a circle is 28.  An equilateral triangle is inscribed in the circle. What is the 

perimeter of the triangle? 
 
 

Let the diameter bisect one of the angles as shown in the figure. 
The side of the triangle has length 

31430cos28 =o  
 The perimeter of the triangle is 

3423143 =×  
 
 
 
 

 
Answer: A  

 
 
9.  A cup of coffee and a cup of cream are sitting side by side on a counter, and they contain equal 

volumes of liquid. Bob removes 101  of the cream from its cup and adds it to the cup of coffee. 
Then he removes 101 of this mixture and adds it to the cup of cream. What portion of the 
mixture in the cream cup is coffee? 

 

Let V represent the initial volume of liquid in each cup.  After 
10
1

of the cream is removed and 

added to the coffee, the volume of 
10
1

 of the mixture in the coffee cup is V
100
11

and contains 

V
10
1

coffee. After the mixture is added into the cream cup, the volume of the liquid in the cream 

cup is VV
10
9

100
11

+ . The coffee portion in the cream cup is 

101
10

10
9

100
11

10
1

=
+ VV

V
 

  
Answer: D  

o30

 28 
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10. A regular octagon stop sign is to be made from a square piece of sheet metal.  The largest stop 
sign that can be cut from the square has sides of length s.  What is the area of the square? 

 
 The side of the square is ( )sss 2145sin2 +=+ o  
 The area of the square is 

( ) ( ) 222
22321 ss +=+  

 
 
 
 
 
 
 
 
 

Answer: D  
 
 

11. The volume "V" of a sphere with radius "r" is given by 3

3
4

)( rrV π= , and the surface area "S" is 

given by 24)( rrS π= .  Find )(SV . 
 
 

2
1

4






=

π
S

r  

2
3

2
3

643
4

)( 





=






=

π
π

π
π

SS
SV  

 
Answer: D  

 
  
 
12. In the given figure, the center O of the circle is on the segment BD. If ACAD =  and o15=∠D . 

Find the degree measure of B∠ . 
 
 

o15=∠=∠ DACD  since ACAD = . 
ooo 301515 =+=∠+∠=∠ DACDBAC   

 o90=∠ACB  since AB is a diameter of the circle. 
 oo 6090 =∠−=∠ BACB  
 
 
 
 
 

Answer: C  

 

o45   s 

 s 

 

D 

A 

C 
B 

O •
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13. The ratio of an interior angle of a regular polygon to an exterior angle is 8 to 1.  How many sides 
does the polygon have? 

 
 Let x be the degree measure of an interior angle of the polygon.  

o180
8
1

=+ xx  

o160=x  
 Let n be the number of the sides of the polygon. 

oo 160180
2

=
−
n

n
 

18=n  
 

Answer: D  
 
14. Find the value of m so that the line mxy =  divides the region enclosed by 22 xxy −=  and the 

x-axis into two parts that have  equal area. 
 
 
 The area of the region is  

 

3
4

)2(
2

0

2∫ =− dxxx  

 
The line mxy = and the curve 22 xxy −=  intersect at 0=x  
and mx −= 2  

 
After the region is divided by the line mxy = , the area of the top part is 

∫ ∫
− −− −

=







−−=−−=−−

m mm mxx
mdxxxmdxmxxx

2

0

32

0

2

0

32
22

6
)2(

32
)2())2(())2(( |  

 We have 

3
2

6
)2( 3

=
− m

 

4)2( 3 =− m  
3 42 −=m  

 
Answer: D  

15. Let 
45
73

)(
−
−

=
x
x

xf .   Find )(1 xf −  

 

Solve 
45
73

−
−

=
y
y

x for y. 

7345 −=− yxxy   ⇒      74)35( −=− xyx   ⇒    
35
74

−
−

=
x
x

y  

 
Answer: E  

 

2-m
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16. How many subsets does BAS ∪=  have if }2,1,0,1{−=A and }5,2,1{=B ? 
 
 
 

}5,2,1,0,1{−=∪= BAS  
 The number of all the subsets of S is 

3225 =  
  

 Answer: C  
 
 
 
 
17. The values of y that will satisfy the system of equations 

01562 2 =+++ yxx  
032 =++ yx  

 may be found by solving which of the following: 
A) 07142 =−+ yy  B) 0182 =++ yy  C) 07102 =−+ yy  D) 0122 =−+ yy  

 
 Set 

01562 2 =+++ yxx   (1) 
032 =++ yx               (2) 

 Solve the equation (2) for x. 

2
3+

−=
y

x  

 Substitute the result into the equation (1) 

015
2

3
6

2
3

2
2

=++





 +

−+





 +

− y
yy

 

01593
2

962

=++−−
++

yy
yy

 

07102 =−+ yy  
 

Answer: C  
 

18. ?
4

5
sinsin

4
5

coscos 11 =





+






 −− ππ

 

 
 

244
3

2
2

sin
2
2

cos
4

5
sinsin

4
5

coscos 1111

πππ

ππ

=





−+=









−+








−=






+






 −−−−

 

 
 

Answer: A  
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19. A circle of radius 6 has half of its area removed by cutting away a border of uniform width.  Find 
the width of the border. 

 
 Let x be the uniform width of the border.  

22 6
2
1

)6( ππ =− x  

18)6( 2 =− x  

236 =− x  

236 −=x  
 

Answer: B 
 
 
20. Find the sum of the solutions to the equation xx 2cossin =  in the interval π20 ≤≤ x . 
 

xx 2sin21sin −=  
01sinsin2 2 =−+ xx  

0)1)(sin1sin2( =+− xx  

2
1

sin =x  , 
6
π

=x or
6

5π
=x ; 1sin −=x , 

2
3π

=x  

2
5

2
3

6
5

6
ππππ

=++  

 
 

   
Answer: A  

 

21. ?
4
1

tan
3
1

tan
2
1

tantan 111 =





 ++ −−−  

 

11
7

4
1

3
1

1

4
1

3
1

4
1

tantan
3
1

tantan1

4
1

tantan
3
1

tantan

4
1

tan
3
1

tantan
11

11

11 =
⋅−

+
=















−







+








=





 +

−−

−−

−−   

 







 +






−







 ++








=





 ++

−−−

−−−

−−−

4
1

tan
3
1

tantan
2
1

tantan1

4
1

tan
3
1

tantan
2
1

tantan

4
1

tan
3
1

tan
2
1

tantan
111

111

111  

3
5

22
15
22
25

11
7

2
1

1

11
7

2
1

==
⋅−

+
=  

 
Answer: B  



Math Bowl 2008 

 8 

22. Find the value of ooo 80sin40sin20sin −+  
 

080sin)1090sin(
2
1

280sin10cos30sin2

80sin
2

2040
cos

2
2040

sin280sin40sin20sin

=−−





=−=

−
−+

=−+

oooooo

o
oooo

ooo

 

 
 Answer: E  

 
 
 
 
23.(Tie Break No. 1) Three circles each with a radius 8 are all tangent to each other.  Find the area of 

the region between the circles. 
 

Connecting the centers of the circles, we obtain an 
equilateral triangle  with side length 16. Its area is  

( )( ) 36460sin1616
2
1

=o  

 The area of the sector cut by the equilateral triangle  is 

( )
3

32
6

82 ππ
=  

 The area of the region between the circles is 

π
π

32364
3

32
3364 −=






−  

 
 

Answer: A  
 
 
 
 
 

24. ?
30cot60cos

30sin45cot180sec
2

=
+

+
oo

ooo

 

 

 
( )

( ) 7
1

2
7
2
1

3
2
1

2
1

11

30cot60cos
30sin45cot180sec

22
−=

−
=

+

+⋅−
=

+
+

oo

ooo

 

Answer: C  

o60
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25. ( )[ ] ?30sin30cos2
3

=+ oo i  
 
 By the DeMoivre’s Theorem,  

( )[ ] ( ) iii 890sin90cos230sin30cos2 33
=+=+ oooo  

 
Answer: D  

 
 
 
26. If ( ) 245tan =+ xo , find the value of  xx 2sin2cos +  
 

( )
x
x

x
x

x
tan1
tan1

tan45tan1
tan45tan

45tan2
−
+

=
−

+
=+=

o

o
o  

xx tan1tan22 +=−  

3
1

tan =x  

We have 
10
3

cos =x and 
10
1

sin =x  or 
10
3

cos −=x and 
10
1

sin −=x  

In the both cases, we have 

5
4

10
1

10
3

sincos2cos
22

22 =







±−








±=−= xxx  

5
3

10
1

10
3

2cossin22sin =







±








±== xxx  

5
7

2sin2cos =+ xx  

 
Answer: C  

 
 
 
 
27. How many positive 3-digit integers less than 500 can be formed using only the digits 1, 3, 5, and 

7 if repetition of digits is allowed? 
 
 

Since 5 and 7 can not be placed in the hundredth place, we can form 32442 =××  positive 3-
digit integers. 

 
 
 

Answer: A  
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28.(Tie Break No. 2) Given that f is a function such that 22)()()( xyyxyfxfyxf +++=+  for all 

real values of x and y; and that  1
)(

lim
0

=
→ x

xf
x

, then =)(' xf ?     

     

 
x

xfxxxxxfxf
x

xfxxf
xf

xx ∆
−∆+∆+∆+

=
∆

−∆+
=

→∆→∆

)()()()()(
lim

)()(
lim)('

22

00
 

22

0
1)(

)(
lim xxxx

x
xf

x
+=






 ∆++

∆
∆

=
→∆

 

 
Answer: D  

 
 
 
29.  In the following 33× matrix, select 3 different entries at random. What is the probability a 

random selection of 3 entries has at least two in a same row or in a same column?  

















333231

232221

131211

aaa
aaa

aaa

 

 

 The number of all the possible selection of 3 different entries is 42
!6!3

!9
39 ==C  

 There are 6 selections of 3 entries from different rows and different columns:  

322311332112312213322113312312332211 ,,,,, aaaaaaaaaaaaaaaaaa  
 The probability a random selection has at least two in a same row or in a same column is 

14
13

42
642

=
−

=P  

 
Answer: E  

 
 
 

30.  Find the exact value of 223223 −−+ .  
 

 ( ) ( ) 12221222223223
22

+−−++=−−+  

 ( ) ( ) ( ) ( ) 212121212
22

=−−+=−−+=  
 
 

Answer: E  
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31. If ,4
1

2
2 =+

r
r  Find the value of 

4
1







 +

r
r  

62
1

2
2 =++

r
r  

6
11

2
2

2 =+⋅+
rr

rr  

6
1 2

=





 +

r
r  

36
1 4

=





 +

r
r  

 
Answer: D  

 
 
32. A rectangular field is half as wide as it is long and is completely enclosed by x yards of fencing.  

What is the area of the rectangle in terms of x? 
 

 The width of the rectangle is 
6
x

 and the length of the rectangle is 
3
x

. 

 The area of the rectangle is 
18

2x
. 

 
 

Answer: A 
 

 
33.(Tie Break No.3) Solve | x – 3 | + | x + 2 | < 11. 
 
 If 2−≤x , the inequality is equivalent to 11)2()3( <+−−− xx . 

1112 <+− x  
5−>x  

25 −≤<− x  is a portion of the solution set. 
 
If  32 ≤<− x , the inequality is equivalent to 11)2()3( <++−− xx . 

115 <  is always true. 
32 ≤<− x  is another portion of the solution set. 

 
 If x<3 , the inequa lity is equivalent to 11)2()3( <++− xx  

1112 <−x  
6<x  

63 << x  is the third portion of the solution set. 
 

 The solution set of the inequality is the union of these three portions 
65 <<− x . 

 
Answer: C 
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34. Find the domain of the real function xxf lnlnlnln)( =  
 
 0lnlnln >x implies 1lnln >x   
 1lnln >x implies ex >ln  
 ex >ln implies eex >  
 The domain of the function xxf lnlnlnln)( = is }|{ eexx >  
 

Answer: D 
 
 
 
 
 
35. In order to receive an A in a college course it is necessary to obtain an average of 90% on five 

one-hour exams of 100 points each and on one final exam of 250 points.  If a student scores 75, 
82, 90, 91, and 92 on the one-hour exams, what is the minimum score (%) on the final exam that 
the person can receive and still earn an A? 

 
 In order to receive an A, the student at least has to obtain total 6759.0)250500( =×+  points                       
 Therefore, the student has to obtain 245)9291908275(675 =++++− points on the final 

 exam and the minimum score on the final exam is %98
250
245

=  

 
Answer: C 

 
 
 

36. Let 
865
63

−
−−

x
x

= 36.  Solve for x 

 
 

1222)65)(6(8)3(
865
63

36 −=−−−−=
−

−−
= xxx

x
x

 

11
24

=x  

 
 

Answer: B 
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37. Solve the equation  ( ) xx
255

4
=

+
 

 

( ) ( )xx 242/1 55 =
+

 

x
x

22
4

55 =
+

 

x
x

2
2

4
=

+
 

3
4

=x  

 
 

Answer: B 
 
 
38. In the given figure, θ  is the smaller acute angle in the four congruent right triangles. The area of 
 the larger square is 25 and the area of the smaller square is 1. Find θ2sin . 
 
 Let the shortest side of the right triangle have length x. 

By the Pythagorean Theorem,  
222 5)1( =++ xx  

0122 =−+ xx  
3=x  

 
5
3

sin =θ and 
5
4

cos =θ  

25
24

cossin22sin == θθθ  

 
 

Answer: D 
 
 
39. If 1)( += xxf  then ?)99(...)4()3()2()1( =++−+− fffff  
 

 

51)51(49)51(50
2

)993(49
2

)1002(50
)9953()10042(

100995432)99(...)4()3()2()1(

=−=

+
−

+
=+++−++=

+−+−+−=++−+−

LL

Lfffff

 

 
 

 
Answer: A 

θ

 5  

  x 

  1 
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40. The future value of a particular investment is calculated by the formula  
nt

n
rPF 






 += 1  , where 

P is the principal, r is the annual rate of return, n is the number of compounds per year, and t is 
the number of years.  Find the formula for time to triple your investment. 

 
nt

n
r

PP 





 += 13  ⇒

nt

n
r







 += 1log3log ⇒ 






 +=

n
r

nt 1log3log ⇒  







 +

=

n
r

n
t

1log

3log
 

 
Answer: B 

 
 
41.(Tie Break No. 4) Examine the following functions. Which of them is neither even nor odd? 

 I. ( )1log)( 2 ++= xxxf   II. 
x
x

xf
+
−

=
1
1

ln)( , 

 III. 
x
xx

xf
+
+

=
1

)(
32

  IV. 





 +

−
= − 2

1
12

1
)( xxxf  

 
The function I is odd because both )(xf and )( xf − have the same domain }|{ ∞<<−∞ xx  
and 

 

( ) ( )( )

( ) ( ) )(1log
1

1
log

1

1
log

1

11
log1)(log)(

2

22

2
22

2

22
2

xfxx
xxxx

xx

xx

xxxx
xxxf

−=++−=
++

=
++

++−
=

++

++++−
=+−+−=−

 

  
The function II is odd because both )(xf and )( xf − have the same domain }11|{ <<− xx  and 

 )(
1
1

ln
1
1

ln
)(1
)(1

ln)( xf
x
x

x
x

x
x

xf −=
+
−

−=
−
+

=
−+
−−

=−  

  
The function IV is even because both )(xf and )( xf − have the same domain }0|{ ≠xx  and 

 
( ) ( )

( )
( )

( ) )(
2
1

12
1

122
122

212
21

2
2

122
12

122
122

2
1

12
1

)(
)(

xfxxx

xxxxf

xx

x

x

x

x

x

x

x

x

x

x

=





 +

−
=








−

−+
=








−

+
−=









⋅

−
+

−=







−

−+
−=






 +

−
−=−

−−

−

−

−

−

−

−−

 

 

The function III is neither even nor odd because  the domain of
x
xx

xf
+
+

=
1

)(
32

 is }1|{ −≠xx  

and the domain of
x
xx

x
xx

xf
−
−

=
−+

−+−
=−

1)(1
)()(

)(
3232

 is }1|{ ≠xx  

 
Answer: C 
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42. The solution set of the following system of inequalities is a triangle in the rectangular coordinate 

system. Find the range of the variable a. 











≤+
≥

≤+
≥−

ayx
y

yx
yx

0
22
0

 

  
 

The solution set of the system








≥
≤+

≥−

0
22

0

y
yx

yx

is the 

shaded triangle  in the figure.   
 

The solution of the inequality ayx ≤+ is the right 
half plane of the line ayx =+ .  

Therefore, when 10 ≤< a or
3
4

≥a , the solution set 

of the system 











≤+
≥

≤+
≥−

ayx
y

yx
yx

0
22
0

 is a triangle. 

 
Answer: D 

 

43. If 
x

xf
−

=
2

1
)(1 ,    112 fff o= ,  213 fff o= , 314 fff o= , …., find )3(101f

 1
32

1
)3(1 −=

−
=f ,  

3
1

)1(2
1

)3(2 =
−−

=f , 
5
3

3
1

2

1
)3(3 =

−
=f , 

7
5

5
3

2

1
)3(4 =

−
=f , … 

By math induction, we show that 
12
32

)3(
−
−

=
k
k

f k  . 

Assume 
12
32

)3(
−
−

=
k
k

f k  is true.  

1)1(2
3)1(2

12
12

12
)32()24(

1

12
32

2

1
)3(1 ++

−+
=

+
−

=

−
−−−

=

−
−

−
=+ k

k
k
k

k
kk

k
k

f k   

 
The statement is true for 1+k . 
 

Therefore, we have 
201
199

1)101(2
3)101(2

)3(101 =
−
−

=f  

Answer: B 
 

 

 

3
4

=+ yx

0=+ yx

ayx =+ 1=+ yx

( )32,32
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44. In the given figure, A, B, C, and D are four points on a circle. The segments AC and BD are 
extended and intersect at E.  If 11=BD , 3=DE , and 19=AC , find the length of CE. 

 
 o180=∠+∠ CDBEDC and o180=∠+∠ CDBA  
  

Therefore, AEDC ∠=∠ . EDCEAB ∆∆ ~  
 

 
CEAC
DEBD

AE
BE

DE
CE

+
+

==  

 

 
CE

CE
+
+

=
19

311
3

 

 
 042)(19)( 2 =−+ CECE  
 
 ( )( ) 021)(2)( =+− CECE  
 
 2=CE  

Answer: E 
 
 
 
45.(Tie Break No. 5) Find the minimum distance from points of 2xy −=  to the line 0834 =−+ yx . 
 

 The distance from ),( yx to the line is 
22 34

834

+

−+
=

yx
d  

The distance from a point ),( 2xx − of 2xy −= ,  

5

3
2

3
3
20

5
9
4

3
4

3
3
20

5

8)(34

2

2
2 






 −−−

=






 +−−−

=
−−+

=

xxx
xx

d  

 

 Therefore, when 
3
2

=x , The distance d has the  minimum value 
3
4

5
3

20

=
−

 

 
Answer: B 

A 
B 

C 

D 

E 

 


