Math Bowl 2008

Suggested Solutionsof Written Test

If the average of two numbersis 2x +1 and one of the numbersis x, what is the other number?
Let y be the other number.

X+y=2x+1

X+y=4x+2
y =3x+2

Answer:

Find the perimeter of a regular hexagon inscribed in acircle of radius 5 meters.

The side of the hexagon has length 5 meters. The perimeter of the regular hexagonis 5° 6 =30
meters.

Answer: A

The two shortest sides of aright triangle have lengths 2 and «/g respectively. Let x be the
smallest angle of the triangle. What iscos X ?

The hypotenuse of the right triangle has length 1/ 2% + («/3 52 = 3. The adjacent side of the
smallest angle x has length JE

5
COSX = —
3

Answer:
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The figure below shows a solid cube with edge length 3. What is the surface area of the figure
obtained by removing the three labeled unit cubes from the large cube shown?

The surface area of the large cube is 54. The surface areais
increased by 2 after the unit cube A isremoved. The surface areais
unchanged after the unit cube B is removed. And the surface area
is increased by 4 after the unit cube C is removed. Therefore, the

surface area of the figureis 54 + 2+ 4 = 60 after the three labeled
unit cubes are removed A

Answer:

In the figure, triangle ABC is aright triangle with right angle B. BD is an dtitude of the triangle.
If AB=x and BC =y, find theratio of the area of triangle ABD to the area of triangle BCD.

DABD issmilar to DBCD B

1 X v
areaof DABD _ E(AD)(BD) _x?

areaof DBCD %(BD)(DC) y

Answer:

Hurricanes are very low pressure areas with diameters of over 500 miles. The barometric air
pressure “P” ininches of mercury at a distance of “x” miles from the eye of a hurricane is

modeled by the function P(x) =0.5logy(x+1) +27. At what distance from the eye of the
hurricane is the air pressure 28 inches of mercury?

28=0.5log,(x+1 +27
1=0.5log,(x+1)
2=loge(x+1)
9% =x+1
x=80

Answer: C
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Let P bethepoint (3,2). Let Q be the reflection of P about the x-axis. Let R be the reflection of

Q about theliney = - x, and let S be the reflection of R about the origin. What is the distance
between points P and S?

Thepoint Qis (3,- 2), thepoint Ris (2, - 3), and the point Sis (- 2,3)
The distance between Pand Sis

JB- (-2)7+(2- 3)° =/26

Answer: B

The diameter of acircleis28. An equilateral triangle is inscribed in the circle. What is the
perimeter of the triangle?

Let the diameter bisect one of the angles as shown in the figure.
The side of the triangle has length

28c0s30° =143
The perimeter of the triangleis

3 1443 =423

" 30°

Answer: A

A cup of coffee and a cup of cream are sitting side by side on a counter, and they contain equal
volumes of liquid. Bob removes 1/10 of the cream from its cup and adds it to the cup of coffee.

Then he removes 1/10 of this mixture and addsiit to the cup of cream. What portion of the
mixture in the cream cup is coffee?

Let V represent the initial volume of liquid in each cup. After iof the cream is removed and
10

added to the coffee, the volume of 1—% of the mixture in the coffee cup is £V and contains

%V coffee. After the mixture is added into the cream cup, the volume of the liquid in the cream

cupis £V + gV . The coffee portion in the cream cup is
100 10

1
107 10

£V + EV 101

100 10

Answer: D
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10. A regular octagon stop sign is to be made from a square piece of sheet metal. The largest stop
sign that can be cut from the square has sides of length s. What is the area of the square?

The side of the squareis s+ 2ssin 45° = (1++/2)s s )
The area of the square is

br2f s =(a+ 22)s

Answer: D

11. The volume "V" of a sphere with radius"r" isgivenby V(r) = %pr ¥, and the surface area S’ is

givenby S(r) =4pr?. Find V(S) .

Answer: D

12. In the given figure, the center O of the circle is on the segment BD. If AD = AC and BD =15°".
Find the degree measure of DB.

DACD =bD =15" since AD = AC.

PBAC =PACD+bPD =15 +15 =30°

DACB =90° since ABis adiameter of the circle.
PB =90° - BBAC =60°

Answer: C



13.

14.
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Theratio of an interior angle of aregular polygon to an exterior angleis8to 1. How many sides

does the polygon have?
Let x be the degree measure of an interior angle of the polygon.
X+ 1 x =180°
8

x =160
Let n be the number of the sides of the polygon.
N 2180 =160
n
n=18

Answer:

D

Find the value of mso that the line y = mx divides the region enclosed by y = 2x- x* and the

x-axisinto two parts that have equd area.

The area of the region is TR =

4 '-
2x - x*)dx =3 E i 2n 3,

OQN
\

Theliney = mxand thecurve y = 2x- X* intersectat X =0 .
and X= 2' m 2

After the region is divided by the line y = mx, the area of the top part is

Z-Ln Z-Ln 2 3 22-m 2_ 3
O((2x- X) - mydx = (2~ mx- XAk =2~ m>- X =&
¢ ; g 2 35, 6
We have
@-m?_2
6 3
(2-m)?*=4
m=2-3/4
Answer:
3x-7
Let f(x)=——. Find f *(x
R %
Solvex=3y_ 7fory.
S5y-4
Sxy- 4x=3y-7 b (5x-3y=dx-7 b y= !
5x- 3
Answer:




Math Bowl 2008

16.  How many subsetsdoes S= AE B haveif A={-1,0,1,2}and B={1,2,5 ?

S=AEB ={-1,0,1,2,5
The number of all the subsets of Sis
2° =32

Answer:

17. The values of y that will satisfy the system of equations
2X*+6x+5y+1=0
2x+y+3=0
may be found by solving which of the following:
A) y*+14y-7=0 B) y*+8y+1=0 C) y’+10y-7=0 D)y’ +y-12=0

Set
2x*+6x+5y+1=0 (1)
2X+y+3=0 )]
Solve the equation (2) for x.
X=- y+3
2

Substitute the result into the equation (1)

2
e Y*+30 @ Y*+30
- +6Q'

2& Q4 5y+1=0
g 2 g e 2 g
2
X—iglig-sy-9+5y+1=o
y> +10y-7=0
Answer:
18, cos'lgecosigﬂin &in Po_,
e 4go e 4g
O 0 5 &) 0 & 0
cos 18%05£9+sn & PO o5& ﬁys‘n ¢l Q:
e 4o e 4g 2 5 2 5
:£+§ BQ:B
4 @ 4g 2

Answer:
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19. A circle of radius 6 has half of its area removed by cutting away a border of uniform width. Find
the width of the border.

Let x be the uniform width of the border.
p(6- X)? =%p62
(6- X)> =18

6-x=3\/§
X=6- 3/2

Answer: B

20. Find the sum of the solutions to the equation 9n X = cos2x intheinterva O£ X£ 2p .

snx=1- 29n?x
2dn? x+€n x-1=0
(29n x- )(dn x+1) =0

s'nle x——orx—i anx=-1 E
2 6 6 2
PP ,.P_»
6 6 2 2
Answer: A
1 1 16
21 tandan 'z +tan S +tant22=7
e 2 3 4
14 tang:f‘an'légﬂang?an'l%g 1.1 .
tana%an 3+tan 40: € g ¢ 1‘5: 3141 =
g 1. tana?an ——tana?an1 9 1. =x=
3g 4@ 34
1 1 1. tana?an E—+tana?an 3+tan1jfO
tana?an S ttan’ §+tanl 0= : 2 1’2_’_
o 1- tan%an ——tana:f‘an —+tan1 9
20 3 4@
1 7 25
4 -~
_. 2 11 _22_°
1 7 15 3
. X _
211 22

Answer: B
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22. Find the value of 9n 20° +9n 40° - 9n 80°

40° +20° S40° - 20

9n 20° +9n 40° - 9n 80° = 29n > co > - 9n 80°

= 24N 30° coslO’ - §n 80" = ZS%QQn( 90" - 10°) - §n80° =0
ecydg

Answer:

23.(TieBreak No. 1) Threecircles each with aradius 8 are al tangent to each other. Find the area of
the region between the circles.

Connecting the centers of the circles, we obtain an
equilaterd triangle with side length 16. Its areais

% (16)16sn 60°) = 6443
The area of the sector cut by the equilaterd triangle is ‘

o) v

The area of the region between the circlesis
2 P
643 - BP0 6413 32p

¢ 3 p

Answer:

sec180° cot 45° +49n 30° _

24, ?
cos60° + cot? 30°
1
sec180° cot45° +sn 30 _ L1)+2 __2_.1
00s60° + cot 230° 1 2 7 7
—+ /3 —
A

Answer:



25.

26.

27.
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[2(cos30" +isn30° ) =2

By the DeMoivre' s Theorem,
[2(cos30° +isn 30" )|’ = 2%(cos90" +isin 90°) =8

Answer:
If tan(45° + x)= 2, find the value of cos2x +sin 2x
2:tan(45°+x): tan 45 + tan X :1+tanx
1-tan45°tanx 1- tanx
2- 2tanx=1+tanx
1
tanx=—
3
Wehavecosx:iand s'nx=i or cosx:-iand sinx:-i
J10 J10 10 10
In the both cases, we have
, ., @® 306 @& 106 4
COS2X=CO0S“X- 9N X=¢t—= -t —= =—
§ 05 & V05 5
9n 2x = 249n xcosxzzgt 3 m%:igz§
\10£ 10g S5
cost+s'n2x:%
Answer:

How many positive 3-digit integers less than 500 can be formed using only the digits 1, 3, 5, and

7 if repetition of digitsis allowed?

Since 5 and 7 can not be placed in the hundredth place, wecanform 2~ 4 4 = 32 positive 3

digit integers.

Answer:
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28.(TieBreak No.2) Giventhat f isafunctionsuchthat f (x+y) = f(X) + f (y)+x2y +xy? for all

real values of x and y; and that I)i(g)noﬂzl,thm f'(x)="
X

DY~ £ _ o 0+ F(D)+X (D) +X(DY° - f(x)

£1(x) = lim
DX®0 Dx Dx® 0 Dx
. DX e
:nméef( )+x2+x(Dx)9:1+x2
xeog Dx o

Answer: D

29. Inthefollowing 3" 3matrix, select 3 different entries at random. What is the probability a
random salection of 3 entries has at least two in a same row or in a same column?

6y a, a13l;|

|
The number of al the possible selection of 3 different entriesis (C; = 3!9_6! =42

There are 6 selections of 3 entries from different rows and different columns;
a11a22a331 312a23a31’ a13a21a32 ’ al3a22a31’ a12a21a33’ a’lla23a32
The probability a random selection has at least two in a same row or in a same column is
42-6 13

P=——=
42 14

Answer: E

30. Find the exact value of \/3+ 2.2 - \/3- 2.2

J3+ 202 - 3202 =[[V2f + 202 +1- V2] - 242 +1
=2+ - (V2 1f =(V2+1)- (V2 1)=2

Answer: E

10
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If r2+-1 = 4, Find the value of & +19
r e lg

Answer: D

A rectangular field is haf aswide asit islong and is completely enclosed by x yards of fencing.
What is the area of the rectangle in terms of x?

The width of the rectangle is é and the length of the rectangleis g

2
The area of therectangleis i(— :

Answer: A

33.(TieBreak N0.3) Solve|x—-3|+|x+2|<1l

If X £ -2, theinequality isequivalentto - (x- 3) - (x+2) <11.
- 2x+1<11
X>-5
- 5<X £ -2 isaportion of the solution set.

If - 2<x£3,theinequdity isequivdentto - (x- 3) +(x+ 2) <11.

5<11 isalwaystrue.
- 2< X £ 3 isanother portion of the solution set.

If 3< X, theinequality isequivdentto (x- 3) +(x+2) <11
2x-1<11
X<6
3< X< 6 isthethird portion of the solution set.

The solution set of the inequality is the union of these three portions
- 5<X<6.

Answer: C

11
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Find the domain of the real function f (x) =InInInIn x

InInIn x> Qimplies Inln x>1
InIn x>1limpliesIn x>e

In x> eimplies x > e°
The domain of the function f (x) =InInInIn xis{x|x >e°}

Answer: D

In order to receive an A in a college course it is necessary to obtain an average of 90% on five
one-hour exams of 100 points each and on one final exam of 250 points. If a student scores 75,
82, 90, 91, and 92 on the one-hour exams, what is the minimum score (%) on the final exam that
the person can receive and still earn an A?

In order to receive an A, the student at least hasto obtain total (500 + 250) " 0.9 = 675 points
Therefore, the student hasto obtain 675- (75+82 + 90 + 91+ 92) = 245 points on the final

exam and the minimum score on the final exam is 2;;2 =98%

Answer: C

3- X - 6
Let =36. Solvefor x
5x- 6 8
S '6—(3 X)8- (- 6)(5x - 6) = 22x - 12
“Bx-6 8| -
_24
11

Answer: B

12
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37. Solve the equation («/E)M = 25"

o) =)

x+4

52 =5
+
X+4 p
4
X=—
3
Answer: B
3. In the given figure, q isthe smaller acute angle in the four congruent right triangles. The area of
the larger square is 25 and the area of the smaler squareis 1. Findsn 2g .
L et the shortest side of the right triangle have length x.
By the Pythagorean Theorem, ol
X2 +(x +1)2 =52 /12
X +x-12=0
x=3 °
sng —§and cosq -4
5 5 d
: : 24
gn2q =2€nqcosq = —
q g cosq o5
Answer: D

3.  If f(x)=x+1then f(1)- f(2)+F(3)- f(4)+..+ f(99) =7

f(@)- f(2)+f(3)- f(4)+..+ F(99)=2- 3+4-5+...- 99+100
50(2+100) 49(3+99)

=(2+4+---100) - (3+5+---+99) = > >

= 50(51) - 49(51) =51

Answer: A

13
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40. The future value of a particular investment is calculated by the formula F = P¢l+ LQ , Where
e nNg
P istheprincipd, r isthe annud rate of return, n isthe number of compounds per year, and t is

the number of years. Find the formula for time to triple your investment.
log3

nloga:aL+ —=

3P = P%‘i+r9 P log3= Iog%‘i+—; P log3= ntloga?H—-b t=
Ng Ng e Ng
ng

Answer: B

41.(TieBreak No.4) Examine the following functions Which of them is neither even nor odd?
X

I.f(x):Iog(x+«/x2+1) 1. f(x)= In—,
1+x

2 3
. f(x):X1:: V. f(x) = xQ 1 1+%9

The function | is odd because both f (X) and f (- X) have the same domain{x |- ¥ < x < ¥}

and
(— X+ X2 +1Xx+«/x2 +1)

£ = lagl. x /07 +1)= log X+ 1
- x2+( x2+1)2 —log— = Iog(x+\/X2+1)=' F(3)

:|og
X+4x +1 X+x+1

The function 11 is odd because both f (x) and f (- X) have the same domain{x|- 1< x< 1 and

1- (-%) :In1+X:-In1_ X _ . £(%)
1+ (- x) 1- x 1+ X

f-x)=

The function IV iseven because both f (x) and f (- X) have the same domain{x| x* 0} and
16_ ae2+2* 10 &2 +1 2 o

(0= X L 2o
2001 25 SA-15 221275

2142 6_ a@+(2°-1)6_ e 1 I

TR )y )y 21 2,

2 3

The function 111 is neither even nor odd because the domain of f (x) = is{x|xt -1
W2 1 (. w3 2 _ 3
andthedoma'noff(-x):( X)_+(x) =X - X is{x|x* 1
1+ (- x) 1- X
Answer: C

14
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The solution set of the following system of inequditiesis atriangle in the rectangular coordinate

system. Find the range of the variable a.
i Xx-y30
Fox+ye2
: y30
1t x+y£fa

| X-y? 0

The solution set of the system| 2x + y £ 2isthe R /J/
% y30 W A2/3,2/3)
shaded triangle in the figure.

The solution of the inequaity X + y £ aistheright X+ yzg

haf plane of thelinex+y=a. 1‘*

Therefore, whenO<a£loras % , the solution set ”

\I X- y30 x+y=0

\
N =gy XPy=1
Y

tox+y£2
of the system | isatriangle.
.I. y3 O

{ x+y£a

Answer:

-

If f,(X) = , fy=fof, fo=1fof,, f,=1fof; ... findf,(3)

N
X

-

1 1 1 3
- = == =~ =— f =
— 1, £,(3 2D 3,fy,(3) y c 43

1

f,(9 =

N
~ | o

2-

olw

By math induction, we show that f, (3) = % :

istrue.

1 1 _2k-1_2(k+D-3
,. 2K-3 (4k-2)- (k-3 2K+l 2(k+1)+1
2k- 1 2k - 1

2k
Assume f, (3) =
3 ”

fin®) =

The statement istrue for k +1.

2(101) - 3199

Therefore, we have f,,(3) =
210D-1 201

Answer:

15
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44. In the given figure, A, B, C, and D are four points on acircle. The sesgments AC and BD are
extended and intersect at E. If BD =11, DE =3, and AC =19, find the length of CE.

BEDC +bCDB =180"and DA +BCDB =180°

E
Therefore, DEDC = DA. DEAB ~ DEDC
CE _BE _BD+DE
DE AE AC+CE
CE _ 11+3
3 19+CE
(CE)? +19(CE) - 42=0
((CE)- 2)(CE) +21)=0
CE=2
Answer: E

45.(TieBreak No.5)  Find the minimum distance from points of y=- x* totheline 4x+ 3y- 8 =0.

4x+3y- 8
The distance from (X, y) to thelineis d =w
N4+ 32

The distance from apoint (X, - X?) of y=- x*,

2
20 , 4 A4 20 20
- — - X - —X+—= - - i
OI_|4><+3(-><2)-d_ 3 3? 3 93_ 3 & 3g

5 5 5

.20
2 ) L 3 4
Therefore, when X = 5 , The distance d has the minimum value T = E

Answer: B

16



