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Correct answer: D 

 

 

 

 

2. How many pairs of natural numbers ),( nm  satisfy the equation 1
24


nm
? 

 

 We have to have 5m and 3n  

 
3

22


n
 and 

3

1

3

2
1

4


m
, then 12m ; 

5

44


m
and 

5

1

5

4
1

2


n
, then 10n  

Trying these numbers, we have 1
3

2

12

4
 , 1

4

2

8

4
 , 1

6

2

6

4
 , and 1

10

2

5

4
  

 

Correct answer: D 

 

 

 

 

 

3. (Tie Break No. 1) If the surface area of a closed rectangular box is 11 and the sum of the 

lengths of its 12 edges is 24. What is the length of its diagonal? 

 

 Let x, y, and z be the lengths of the edges of the rectangular box  

  

 11222  zxyzxy  

 24444  zyx  

 6 zyx  

  36222)( 2222  zxyzxyzyxzyx  

 251136222  zyx  

5222  zyx  

 

 

Correct answer: C 



Math Bowl 2009 Written Test Solutions 

 2 

4. The line l passes through the point )0,2(  and intersects the circle xyx 222  at two 

points. The range of the slope m of the line l is 

 

The equation of the line passing through the point )0,2(  is )2(  xmy . Substituting into 

the equation of the circle, we have  

xxmx 2))2(( 22   

xmxmxmx 244 22222   

04)24()1( 2222  mxmxm  

When 0)4)(1(4)24( 2222  mmm ,  the equation has two solutions.  

0161641616 2424  mmmm  

0162 2  m  

4

2

4

2
 m  

Correct answer: B 

 

 

5. Find the period of the function
3

cos
2

sin)(
xx

xf   . 

The period of 
2

sin
x

y   is 


4

2

1

2
  and the period of 

3
cos

x
y   is 


6

3

1

2
 . The least 

multiple of 4 and 6 is 12. 

 

Correct answer: D 

 

 

 

6. The circles in the figure are concentric.  The chord is tangent to the inner circle and has 

length 14.  What is the exact area of the non-shaded region? 

 

 

Let R be the radius of large circle and r be the radius of 

small circle.  Then the area of the non-shaded region 

is  2222 rRrR   .   

By the Pythagorean Theorem, 4922  rR since half 

the chord length is 7. 

Therefore, the exact area of the non-shaded region 

is 49 . 

 

 

 

 

Correct answer: A 
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7. }{ ka  is an arithmetic sequence. 181 a  and the common difference 3d . Find all n such 

that the partial sum 



n

k

kn aS
1

 has the maximum value. 

 

 The thk term formula of the series is kdkaak 321)1(1   

 07 a  and 0ka  when 8k . 

6336912151876  SS  is the maximum value of nS  

 

 

Correct answer: A 

 

 

 

8. (Tie Break No. 2)  In the figure, the length of the sides of the square ABCD is 8. 7OA and 

3OB .  Find the area of the triangle OCD  

    

By Heron’s formula the area of OAB  is 

36)39)(79)(89(9   

 

The sum of the areas of OAB and OCD  is equal to 

32
2

1

2

1

2

1
 FEABOFCDOEAB , that is one half 

of area of the square. 

 

The area of the OCD  is 3632   

 

Correct answer: C 

 

 

9. A circle passes though the points )0,0(  and )4,2( .  Its center is on the line 52  yx . Find 

the equation of the circle. 

 

Let ),( kh  be the center of the circle. We have 
2222 )4()2()0()0(  khkh . 

),( kh is the solution set of the system. 









52

2084

kh

kh
 

)1,3(),( kh  

 Let the equation of the circle be
222 )1()3( ryx  . The circle passes through )0,0( . 

 10)1()3( 222 r  

 

Correct answer: B 

 

 

 
  C                                 F              D 

 O 

 A                                  E            B 
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10. For what values of a and b are the asymptotes of the hyperbola 
2 2

2 2
1

x y

a b
   )0,0(  ba  

perpendicular? 

 

 The equations of two asymptotes are x
a

b
y    

 They are perpendicular to each other if and only if 1









a

b

a

b
 

22 ba   

ba   

 

. Correct answer: B 

 

 

 

11. A total of 120 numbers can be formed using all five digits 1, 2, 3, 4, and 5.  If these numbers 

are arranged in increasing order (12345, 12354, 12435, 12453 up to 54321) which one is 

75
th

 in this order?          

 

A total of 72324   numbers begin with 1, 2 and 3. 

The following numbers are ,41325,41253,41235  in increasing order.  

The 75
th

 number is 41325.  

 

 

Correct answer: D 

 

 

 

12. If the three sides ,, ba  and c of triangle ABC  are also the first three consecutive terms of a 

geometric sequence and ac 2 , find Bcos  

 

 Let arb  and 2arc  . We have aar 22  and 2r  Therefore, 2ab  and ac 2 . 

  

 
4

3

)2(2

2)2(

2
cos

2
22222








aa

aaa

ac

bca
B  

  

Correct answer: B 
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13. Solve 2| 2 16 | 8x x   .  

 

 81622  xx  or 81622  xx   

 02422  xx  or 0822  xx  

 0)4)(6(  xx  or 0)2)(4(  xx  

 6x , 4x , 4x , or 2x  

 

  

Correct answer: B 

 

 

14. The area of the solution region of the system of the inequalities 












1||3

1

xy

xy
 is 

 

As shown in the figure, the solution region is a 

triangle with vertices  1,0 ,  2,1  , and 









2

1
,

2

1
 

The area of the triangle is the absolute value of the 

determinant 

 

2

3

21211

211

101

2

1




  

  

 

Correct answer: B 

 

 

 

15. Find the real solutions of the equation 3log3log  xx . 

 

 Squaring the both sides, we have 9log6)(log3log 2  xxx . 

012log7)(log 2  xx  

0)4)(log3(log  xx  

3log x  or 4log x  

000,1x  or 000,10x  

Both of them are checked. 

Correct answer: C 

 

 

 

       

















x

y
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16. (Tie Break No. 3)  In rectangle ABCD, 4CDAB and 3CBAD .  Points E and G are 

the midpoints of AB and CD respectively. GBEF  and DEGH  . Find the area of 

rectangle EFGH shown in the figure. 

 

 1323)()( 2222  AEADDE  

Since HGDADE  ~ , 
AE

DH

AD

GH

DE

DG
  

 
13

6

13

23








DE

DGAD
GH  

 
13

4

13

22








DE

DGAE
DH  

 
13

9

13

4
13  DHDEEH  

 Area of rectangle EFGH is equal to 
13

54
EHGH  

Correct answer: B 

 

17. Find all values of x where the graph of 
3

153
)(

2

2






xx

xx
xf  intersects its horizontal 

asymptote. 

 

 )(xf has a horizontal asymptote 3y . Solve the equation  

3
3

153
2

2






xx

xx
 

933153 22  xxxx ,   108 x ,  and  45x  

 

Correct answer: A 

 

18. ABC  is a right triangle with 75A and 90C .  Point D is on side AB. If 

CDAD and 10AC , find the area of CBD . 

 

 The area of ACD  is equal to 







 75tan

2

1

2

1
ACAC  

The area of ABC  is equal to  75tan
2

1
ACAC  

The area of CBD  is equal to  

)32(25
13

13

13

13
25

3/11

3/11
25

30tan45tan1

30tan45tan
)10(

4

1
75tan)(

4

1 22




















































AC

 

Correct answer: D 

 

 

A                        E                        B 

D                        G                       C 

 H  

F 

 

 

A 

B C 

75  

D 
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19. If 2)( 2  xxf  and 3)(  xxg , find all values of x such that     )()( xfgxgf    

 

   2)3())(()( 2  xxgfxgf   

  3)2())(()( 2  xxfgxfg   

3)2(2)3( 22  xx   

5296 22  xxx  

 2x  

Correct answer: C 

 

 

 

20. Solve the equation 
32 log aa b  for a, given 5ab  and a and b are real numbers. 

 

 Using the base change formula, 
5

3

log5

log3

log

log

log

log
log

5

33
3 

a

a

a

a

b

a
ab  

 
5

32 a  and 
5

15

5

3
a  

 

Correct answer: C 

  

 

 

21. The base of a triangle is 40 feet and one of the base angles is 60 .  The sum of the other two 

sides is 45 feet.  What is the measure of the shortest side of the triangle? 

  
60cos)40(240)45( 222 xxx   

 

 xxxx 401600902025 22   

  

42550 x  

 

 5.8x  

 

 

    Correct answer: D 

 

 

 

x  

60  

x45  

40   
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22. A particular sphere and a particular right circular cylinder have the same volume.  If the 

radius of the cylinder is 6 times its height, find the ratio of the surface area of the sphere to 

the surface area of the cylinder. 

 

Let 1r  be the radius of the sphere and 2r  the radius of the cylinder. The volume of the sphere 

is 
3

1
3

4
r and the volume of the cylinder is 

3

22

2

2

2

2
6

1

6

1
rrrhr    

3

2

3

1
6

1

3

4
rr   and 12 2rr   

The surface of the sphere is 
2

14 r and the surface of the cylinder is  

2

1

2

1

2

122

2

2
3

28
)2(

3

1
)2(2

6

1
22 rrrrrr    

 The ratio of the surface area of the sphere to the surface area of the cylinder is
7

3

3

28

4
 . 

 

 Correct answer: B 

23. Find the domain of the function 

x

xf

ln

1
1

1
1)(



 . 

   

 The domain of the function is 








 0
ln

1
1,0ln,0|

x
xxx  

 0ln x , 1x  

 0
ln

1
1 

x
, 1ln x , 

e
x

1
  

 The domain of the function is  
















,11,

11
,0

ee
 in interval notation. 

    Correct answer: A 

 

 

24. A hiker starts at noon at the top of a mountain 2 miles high, and walks down a straight path 

to the bottom at a rate of 5 miles per hour. Another hiker starts at noon at the bottom of same 

mountain and walks up the same path at a rate of 3 miles per hour. The straight path is 16 

miles long. What altitude are the hikers at when they meet? 

 

The slope of the mountain is 81162  . Let x be the distance from the bottom to the point 

where they meet. We have  

5

16

3

xx 
 ,  xx 3485  ,  6x  

 The altitude of the meeting point is 
4

3

8

1
6    

 Correct answer: E 
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25.  Solve the inequality 1
12

10
2


 xx

   

 

 The inequality is equivalent to 0
12

10
1

2





xx
or 0

12

2
2

2






xx

xx
 

 Let 
)3)(4(

)1)(2(

12

2
)(

2

2











xx

xx

xx

xx
xf  

The zeros of the denominator and numerator  4,2,1,3  divide the number line into 5 

intervals. 0)4( f , 0)2( f , 0)0( f , 0)3( f , and 0)5( f . By the continuity of 

)(xf on these intervals, the solution set of the inequality is   ),4()2,1(3,  . 

 

 Correct answer: D 

 

 

26. Suppose that a rope surrounds the earth at the equator.  The rope is lengthened by 10 ft.  By 

how much is the rope raised above the earth? 

 

Let R be the radius of the earth h the height raised above the earth after the rope is 

lengthened.  

)(2102 hRR    

h210   and 


5
h  

 

 

 Correct answer: C 

 

 

27. (Tie Break No. 4) A man is digging a hole and standing in it.  He is 5 ft 10 in tall.  He says 

that he is one fourth done. When he is finished, the top of his head will be 3 times as far 

below the ground as it is now above ground.  How deep will the hole be when finished?  

 

The man is 70 inches tall. Let d be the depth of the hole when finished. The top of his head 

is 







 d

4

1
70 above the ground now. We have 

70
4

1
703 








 dd  

280
4

7
d  

160d in =13 ft 4 in 

  

 

 Correct answer: B 
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28. Maximize ( , ) 5 9P x y x y   subject to 0,0  yx , and 62  yx . 

 

 

The solution set of 0,0  yx , and 62  yx is a triangle 

with vertices ),3,0(),0,0( and )0,6( . 

0)0,0( P , 27)3,0( P , and 30)0,6( P  

The maximum value of ),( yxP is 30. 

 

  

 

 

 

 Correct answer: C 

 

 

29. After an initial deposit of x dollars, the amount of money in a certain fund is doubled at the 

end of each month for 5 months.  If at the end of the 5-month period there is a total of $560 

in the fund, how much money was in the fund at the beginning of the third month? 

 

56025 x  

5.17x  

70)2(5.17 2   

 

 

 Correct answer: C 

 

 

30. In the expression ...
2

2

2

2


x

x

x

x
 if each odd-numbered term is 

2

x
 and each even-

numbered term is 
x

2
, then what is the sum of the first 56 terms of the expression? 

  

The sum of the odd-numbered terms of the first 56 terms is x
x

14
2

28 







 and the sum of all 

the even-numbered terms of the first 56 terms is
xx

562
28 








. 

x

x

x
x

561456
14

2 
  

 

 Correct answer: E 

 

         





















x

y
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31. If 42  x  and 42  y , what is the maximum possible value of 
y

x
x  ? 

 











y
x

y

x
x

1
1  

When 4x and 4y , the two factors have the maximum values, respectively and so does 

the product.  

3
4

1
14 








  

 

 Correct answer: D 

 

 

32. In the figure, the right triangle ABC has 90C and contains a point D. If 10AD , 

6CD , and BDACDBADC  . Find BD. 

      

 120 BDACDBADC   

 
120cos))((2)()()( 222 CDADCDADAC   

 196)5.0)(6)(10(2610 22                        (1) 

)5.0)()(6(2)(6

120cos))((2)()()(

22

222





BDBD

BDCDBDCDBC 

 (2) 

 
)5.0)()(10(2)(10

120cos))((2)()()(

22

222





BDBD

BDADBDADAB 

 (3) 

 
222 )()()( ABBCAC                                       (4) 

Substituting (1), (2), (3), 10AD , and 6CD  into (4), we have 

 )(10)(100)(6)(36196 22 BDBDBDBD   

 Solving the equation, we have 33BD  

 

Correct answer: D 

 

 

33. Given a rectangle, if one side is decreased by 3 and the adjacent side is increased by 2, it 

forms a square with area 25.  What is the perimeter of the rectangle? 

 

Let x and y be the lengths of two adjacent sides of the rectangle.  

523  yx  

8x  and 3y  

22)3(2)8(222  yx  

 

Correct answer: D 

 

 C                                                                          B 

 A 

D 
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34. In the figure, the right triangle ABC has 90C , aBC  , and bAC  . The square DEFG 

is inscribed in the triangle. Find the perimeter of the square. 

    

2222 )()( baACBCAB   

Let x be the length of the sides of the square 

ACBDCE  ~ ,  
AB

CB

DE

CE
 , 


















22 ba

a
xCE  

ACBEFB  ~ , 
AC

AB

EF

EB
 , 













 


b

ba
xEB

22

 













 





b

ba

ba

a
xEBCECBa

22

22
 




















22

22

bab

baba
xa , 

22

22

baba

baab
x




 , and 

22

224
4

baba

baab
x




  

Correct answer: C 

 

35. Find 
n

n

n

n 231

2
2

1

2

1

2

1
1

lim
2

















. 

 

 
3

2

3

2

1
1

1

3
2

1
2

1
1

2

1
1

lim
231

2

2

1
1

2

1
1

lim
231

2
2

1

2

1

2

1
1

lim

11

2





























































n

n

nn

n
n

nn

n

n

n



 

 

Correct answer: C 

 

36. Point B is a mutual vertex of a regular hexagon, a square and a third regular polygon.  If two 

of the sides of this third polygon are ABand BC , what is this polygon? 

 

The degree measure of the interior angle of the 

third regular polygon is  15012090360   

Let n be the number of sides of the third polygon.  

 150180
2




n

n
, 12n  

 

 

 

 

Correct answer: C 

  

 
 A 

 C 

 E  D 

 G  F  B 
 

 

B A 

C 
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37. (Tie Break No. 5)  Which of the following trig expressions is identical to 
AB

BA
22 cossin

)cos(




? 

 

)sec(
)cos(

1

)cos()cos(

)cos(

)sinsincos)(cossinsincos(cos

)cos(

coscossinsin

)cos(

)sin(coscossin)sin(cos

)cos(

cossin

)cos(

2222

22222222

BA
BABABA

BA

BABABABA

BA

BABA

BA

BBABAA

BA

AB

BA





























 

Correct answer: A 

 

 

38. In a triangle ABC  
2

2
cossin  AA , 4AC , and 3AB , find the area of the triangle. 

      

 
2

1

2

1
cos

2

1
sin  AA , 

2

1
45sincos45cossin   AA , 

2

1
)45sin(  A , 

  15045 A , 105A   

 
2

32

2

2

3
1

2

210cos1
105sin


























 

 The area of the triangle is 323
2

32
)4)(3(

2

1
105sin))((

2

1



ACAB  

 

Correct answer: B 

 

 

39. Which of following sine curves has amplitude 3, period 2 , phase shift 4 ,  and vertical 

shift 1? 

 

All the curves have amplitude 3. The sine curves of C and D have period   and sine curves 

of A, B, and E have period 2 .  The sine curve of B have phase shift 4  and sine 

curves of A and E have phase shift 4 . The sine curve of E has vertical shift 1  and sine 

curve of A has vertical shift 1. Select the choice A. 

 

 

Correct answer: A 
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 40. Find the exact value of 5.112tan . 

 

12

2

1

2

1
1

225sin

225cos1

2

225
tan5.112tan 




















  

 

Correct answer: E 

 

 

41. Solve the inequality 1cossin0  xx  for 20  x  . 

 

2

1

2

1
cos

2

1
sin0  xx , 

2

1

4
sincos

4
cossin0 


xx , 

2

1

4
sin0 











x , 




 kxk 2
44

20   or 





kxk 2
4

2
4

3
  , 




kxk 202
4

  or 





kxk 2
4

3
2

2
 , where k is any integer. 

Since 20  x , in the first expression let 1k , 


2
4

7
 x  and in the second let 0k , 

4

3

2


 x . 

 

Correct answer: C 

 

 

 

42. Given that 5)2( f  and )(2)(' xxfxf  , find the value of  3' g  if )(sec)( xfxg  . 

 

xxxf

xxxxfxxxfxxfxg

tan)(secsec2

sectan)(secsec2sectan)(sec']')[sec(sec')('

2


 

         3403583)2()2(23tan3sec3sec23' 22  ffg   

 

Correct answer: D 
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43. Find cos  if 
9

1
2cos  and 


 2

2
. 

 

24





  and 0cos   

3

2

9

4

2

9

1
1

2

2cos1
cos 

















  

 

Correct answer: D 

 

 

 

44. Find the sum of all solutions of 0sin22sin   , where  20  . 

 

0sin2cossin2   ; 0)1(cossin2   

 2,,0,0sin   

 2,0,1cos   

 52020   

 

 

Correct answer: C 

 

 

 

45. Seven people sit on one row of ten seats. How many different ways can the three empty 

seats be distributed if there are no two empty seats next to each other and the first and last 

seats must be occupied?  

 

If seven people sit on one row, there are six available empty slots between these individuals. 

Arranging three empty seats into these six slots without more than one empty seat in a same 

slot is equivalent to distributing three empty seats under the condition of the question. There 

are 36 C  ways to make such arrangements.  

20
123

456
36 




C  

 

 

Correct answer: A 

 

 

 


