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1. Solve the inequality   1
5

4 6
log 0

x
x
+

≥ . 

 

1
5

4 6
log 0

x
x
+

≥  implies 1
64

0 ≤
+

<
x

x
. 

This means 
x

x 64
0

+
<  and 0

63
1

64
≤

+
=−

+
x

x
x

x
. 

The solution of 
x

x 64
0

+
< is ( )∞∪






 −∞− ,0

2
3

, and the solution of 0
63

≤
+
x

x
is [ )0,2− . 

The solution of 1
64

0 ≤
+

<
x

x
is ( ) [ ) 





 −−=−∩








∞∪






 −∞−

2
3

,20,2,0
2
3

, . 

Answer:  D 
 
 
2. What is the perimeter of the figure shown, given that there is a right angle at each corner and 

that two of the sides have lengths 12 and 16 as indicated? 
 
 
 

16321 =++ aaa  and 12321 =++ bbb . 
 
 
The perimeter is 5612161216 =+++ . 
 
 
 
 

 
Answer: D 

 
 
3. Find the area of the shaded region in the figure if the center of the circle is O and the radius 

of the circle is 6. 
 
  

The area of one quarter of the circle is ππ 9)6(
4
1 2 = . 

The area of the right triangle is 18)6(
2
1 2 = . 

The area of the shaded region in the figure is 189 −π . 
 
 
 

Answer: A 

12 

 16  

1a

1b

2a  

2b  

3a

3b

 

O 
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4. Solve the inequality: 2 5 6x x− <  

 
2 5 6x x− < is equivalent to 656 2 <−<− xx . 

656 2 <−<− xx  implies 650 2 +−< xx and 0652 <−− xx . 
The solution of 650 2 +−< xx  is ),3()2,( ∞∪−∞  and the solution of 0652 <−− xx  is )6,1(− . 

The solution of 2 5 6x x− <  is ( ),3()2,( ∞∪−∞ ) ∩ )6,1(− = )6,3()2,1( ∪− . 

Answer: A 
 
 
5. A convict escapes from a prison and has a half-hour’s start on two guards and a bloodhound 

that race after him on his track. The guards’ speed is four miles per hour. The dog’s speed is 
12 miles per hour.  The prisoner can do only 3 miles per hour.  The dog runs up to the 
prisoner and then back to the guards, and so on back and forth until the guards catch the 
prisoner.  How far does the dog travel altogether? 

 
 
The prisoner is 1.5 miles ahead of the guards and is running 1 mile per hour slower than the guards. 
It takes 1.5 hours for the guards to catch the prisoner. The bloodhound keeps running back and forth 
at 12 miles per hour for 1.5 hours. Therefore, the dog travels 185.112 =× miles. 
 

Answer: D 
 
 
 
6. Two points are picked at random on the circle 122 =+ yx .  What is the probability that the 

chord joining the two points has a length of at least 1? 
 
 
 
Let A be a point picked on the circle at random.  
If the chord 1≥AB , the point B must lie on the longer arc 

CD  that does not include A. The probability of the point B 

lies on the longer arc CD is 
3
2

2
3
4

=
π

π
 . 

 
 
 

Answer: D 

 •

•

B 

A 

C 

D 
1 

o120 • O 
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7. It is given that 31
2

=





 +

r
r .  Find the value of r

r
3

3

1
+ . 

 











−






 +






 +=








−






 ++






 +=






 +−






 +=+ 3

11
3

1
2

11
1

11
2

2
2

2
2

3
3

r
r

r
r

r
r

r
r

r
r

r
r

r
r  

0)33(
1

=−⋅





 +=

r
r  

 
Answer: C 

 
8. A square is inscribed in another square, such that each vertex divides a side of the outside 

square into intervals of length x and y, where yx > .  What is yx  if the area of the inscribed 
square is 2/3 of the area of the outside square?    

 
 
The side of the large square is yx +  and the side of the 

small square is 22 yx + by the Pythagorean Theorem. 

( ) ( )22
22

3
2

yxyx +=+  

222 )(2)(3 yxyx +=+  
04 22 =+− yxyx ,  

014
2

=+







−








y
x

y
x

 

32 ±=
y
x

 

We choose 32 +=
y
x

 since yx >  and 1>
y
x

 

Answer: C 
 
 

9. If f x
x x

( )
( )

=
−1

2
, then )2( +xf  equals: 

 

x
xfxxx

x
xxx

xf
)1()2(

2
)1()2(

2
)1)(2(

)2(
++

=
+

⋅
+

=
++

=+  

 
 

Answer: E 

y x 

y 

x 
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10. Given three rectangles of area A, with the following dimensions, find .x y−  
 Rectangle (i)    Rectangle (ii) Rectangle (iii) 
Length: x  3x −  3x +  
Width:  y  2y +  1y −  

 
Solve the system        









=−+
=+−

=

Ayx
Ayx

Axy

)1)(3(
)2)(3(        ⇒           









=−+−
=−−+

=

Ayxxy
Ayxxy

Axy

33
632           

It is equivalent to 




=+−
=−

33
632

yx
yx

 . Solving the system, we have 9=x  and 4=y  . 

Therefore, 5=− yx  
Answer:  B         

 
 
11.(Tie Break No.1) Define the operations *a band #n  as follows. 

ba
abb

aba
−
−

+=
2

*   and  )))))1*2(*3(*(*]2([*]1([*# L−−= nnnn  

Given that 







=








⋅








− 1

6
#15#13

#7#6
y
x

,  find x y+ . 

 

ba
ba
abb

a
ba
abb

aba −=
−
−

+=
−
−

+=
)(

*
2

]#1[)]#1([*)))))1*2(*3(*(*]2([*]1([*# −−=−=−−= nnnnnnnn L  
1121*2#2 =−== , 213#2*3#3 =−== , 224#3*4#4 =−== ,  325#4*5#5 =−== , 

336#5*6#6 =−== , K  
By mathematical induction, we can easily prove kk =]#2[ and 1]#12[ +=+ kk , ( K,3,2,1=k ). 

Therefore, 







=








⋅








− 1

6
#15#13

#7#6
y
x

 is equivalent to 







=








⋅








− 1

6
87

43
y
x

. 

Solving the system, we have 1=x  and 
4
3

=y . Thus, 
4
7

=+ yx . 

Answer: D 
 
 
12. If x is a real number and ,744 =+ − xx  then find the value of xx −+ 88 . 
 

92742442224)22( 2 =+=++=+⋅⋅+=+ −−−− xxxxxxxx  
322 =+ − xx  since x is a real number. 

( ) ( ) 18)17(3)4224)(22(2288
33

=−=+⋅−+=+=+ −−−−− xxxxxxxxxx  
Answer: A 
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13. (Tie Break No.2) Triangles ABC∆  and ABD∆  are isosceles with BDABAC == , and the 
side BD  intersects the side AC  at E . If BD  is perpendicular to AC , then DC ∠+∠  is 

 
Let 1xBAE =∠ , 1yEAD =∠ , 1zD =∠ , 2xABE =∠ , 

2yEBC =∠ , and 2zC =∠  
BDAB =  implies )1(111 yxz +=  
ACAB =  implies )2(222 yxz +=  
ACBD ⊥ implies )3(9011

o=+ yz  
      )4(9022

o=+ yz  
                              )5(9021

o=+ xx  
Adding the equations (1), (2), (3), and (4), we have 

)()(180)()(2 21212121 yyxxyyzz ++++=+++ o  
)6()(180)(2 2121 xxzz ++=+ o  

Substituting (5) into (6), 
ooo 27090180)(2 21 =+=+ zz  

o13521 =+=∠+∠ zzDC  
 

Answer: D 
 
 
 
14. If 52 =− xx , then ?4 =− xx  
 

)3(1010305525

)()(2)()()22()2(
2

22222232344

xxx

xxxxxxxxxxxxxxxx

+=+=+⋅+=

=−+−+−=−+−++−=−
 

 
Answer: D 

 
 

 
 
15. Which of the following polynomials )(xp has the property that 35 −  is a solution to the 

equation 0)( =xp ? 
 
 

Noticing that ( ) 152835
2

−=− and ( ) 608416
2224 −−=+− xxx , we have 

 

( ) ( ) ( ) ( ) 060152608354351635
22224

=−−=−




 −−=+−−−  

 
Answer: B 

A 

B C 

E 
D 

1x

2x

1y

2y  

1z

2z
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16. In the figure on the right side, 3=AD , 5=DB , 7=BC and DE is parallel to BC . Find 
DE . 

 
ABCADE ∆∆ ~  

 

AB
BC

AD
DE

=   

 

35
7

3 +
=

DE
 

 

8
21

=DE  

Answer: D 
 
 
 
17. Let AC  be a diameter of the circle O with a radius 5. B is a point on the circle and 4=BC . 

Find AB . 
 
 

ABC∆ is a right triangle with o90=∠B . 
10=AC  and 4=BC  

212410 22 =−=AB  
 
 
 
 
 
 
 

Answer: B 
 

18. Let 
xxxx

x
xf

+−−
−

= 234 243
115

)( . What is the number of vertical asymptotes with equation 

ax = )0( >a  of )(xf ? 
 
Let )1243(243)( 23234 +−−=+−−= xxxxxxxxxq  and 1243)( 23

1 +−−= xxxxq . 
0)(lim 1 <−∞=

−∞→
xq

x
, 01)0(1 >=q , 02)1(1 <−=q , and 0)(lim 1 >∞=

∞→
xq

x
 

Therefore, )(1 xq has exact two real zeros in the interval ),0( ∞ and so does )(xq . 
The maximum possible number of vertical asymptotes with equation ax = )0( >a  of )(xf  is 2. 

Since ( ) 0
16875

956
151 ≠=q , the number of vertical asymptotes with equation ax = )0( >a  of )(xf  

is exactly 2. 
Answer: C 

A 

C B 

E D 

 

 

B 

C  A
O 
•
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19.  If 10=++ zyx , 16222 =++ zyx , and 21
111

=++
zyx

, find xyz . 

 
)(2)( 2222 zxyzxyzyxzyx +++++=++  

42
2

1610
2

)()( 22222

=
−

=
++−++

=++
zyxzyx

zxyzxy  

xyz
xyzxyz

zyx
++

=++
111

 

 

2
21
42

111
==

++

++
=

zyx

xyzxyz
xyz  

Answer: A 
 
 
 
20. What is the surface area of a regular tetrahedron having edge length of 4? 
 
The surface area of the regular tetrahedron is the sum of the areas of four equilateral triangles with 
side 4. 

316324
2
1

4 =





 ⋅⋅=A  

Answer: C 
 
 

 
21. (Tie Break No. 3) Let )(xf be a real-valued function with inverse given by 

)6(2)4()( 221 xxxxf +++=− . What is the value of ( )( )( )41 fff −  ? 
 

4))4((1 =− ff  
)4()))4((( 1 ffff =−   

1242)6(2)4()( 23221 +++=+++=− xxxxxxxf  
Let )4(fy =  

Solve 41242 23 =+++ yyy  
0842 23 =+++ yyy  

0)2(4)2(2 =+++ yyy  
0)2)(4( 2 =++ yy  

y  is a real number. 2−=y  
2)4()))4((( 1 −===− yffff  

Answer: D 
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22. Let ))(()( bxaxxf −−= , where a and b are real numbers. If )(xf has a minimum on the 
interval )1,1(− , which of the following must be true about a and b? 

 
22

2

22
)())(()( 






 +

−+





 +

−=++−=−−=
ba

ab
ba

xabxbaxbxaxxf  

The graph of )(xf is a parabola that opens upward and )(xf  has a minimum on )1,1(−  only if its 

vertex is on )1,1(− . Therefore, 1
2

1 <
+

<−
ba

. 

Answer: D 
 
 
 
23. Three circles have the same radius r. Each circle’s center is on the two other circles. Find the 

area of the region common to all three circles. 
 
 
 

The area of one sixth of the circle is 2

6
1

rπ . 

The area of the equilateral triangle with side r is 

4
3

2
3

2
1 2r

rr =⋅⋅  

 
The area of the region covered by all these three 
circles is  

2
22

2

2
3

4
3

4
3

6
1

3 r
rr

r
−

=+







−

π
π  

 
 

Answer: A 
 
 
 
 
24. Solve the equation 0433 12 =−+ +xx  in the real number system. 
 

( ) ( ) 04333
2

=−+ xx  
0)43)(13( =+− xx  

Since x  is a real number, 13 =x . 
Therefore, 0=x . 

Answer: D 

•

• •  
o60 r 
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25. The graph of which of the following trig functions has amplitude 2 and period π4 ? 
 
 Amplitude Period 
A. )2sin(2 xy =  2 

π
π

=
2

2
 

B. )42sin( −= xy  1 
π

π
=

2
2

 

C. 





= xy

2
1

tan2  
None 

π
π

2
2

1
=  

D. 





−= xy

2
1

cos2    
2 

π
π

4
2

1
2

=  

E. )42sin(2 += xy  2 
π

π
=

2
2

 

 
Answer: D 

 
 
26. The graph of function )(xfy = is symmetric to the graph of xey 3= with respect to the 

straight line xy = . Which of the following statements is true? 
 

)(xf  is the inverse function of xey 3= . 
Solve yex 3= for y . 

yex 3lnln =  
yx 3ln =  

)(ln
3
1

xfxy ==  

33 ln3ln)3ln(
3
1

)3( xxxf +==  

Answer: E 
 
 
27. Given 23)1( 2 +−=+ xxxf  ( )23<<∞− x , find the domain of the function )(1 xfy −= . 
 
Let 1+= xu .  

1−= ux  
2)1(3)1()( 2 +−−−= uuuf  ( )231<−<∞− u  

65)( 2 +−= uuuf  ( )25<<∞− u  

4
1

2
5

)(
2

−





 −= uuf  ( )25<<∞− u  

The range of the function )(xf  is ( )∞− ,41  
The domain of its inverse )(1 xf −  is ( )∞− ,41 . 

Answer: D 
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28. For what real values of x  is 2323 22 ++=++ xxxx  ? 

 
The equality is true when 0232 ≥++ xx . 
Solve 0232 ≥++ xx . 

0)2)(1( ≥++ xx  
2−≤x  or x≤− 1  

Answer: B 
 
 
 
 

29.     Find the domain of the composite function gf o  where 
5

5
)(

+
=

x
xf and 

x
xg

5
)( −= . 

( )
5

5
5

)(
+






−

=

x

xgf o  

We have to have 0≠x  and 05
5

≠+





−

x
, that is 1≠x . 

The domain of gf o  is { }1,0| ≠≠ xxx . 
Answer: D 

 
 
 
 
 
30. Which of the following is NOT a true statement for all real ϕ ? 
 

If 
6
π

ϕ = , ( ) 431
6

cot1
22 =+=+

π
and 

3
4

3
2

6
sec

2
2 =








=

π
.  

ϕϕ 22 seccot1 =+  is not true for 
6
π

ϕ = . 

Answer: C 
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31. Find the following limit where n is an integer:    
1

2321
lim

2 +
++++

∞→ n
n

n

L
 

 

2
2

lim
1

2
lim

1
2

)12(2

lim
1

2321
lim

2

2

2

2

22
==

+
+

=
+

+

=
+

++++
∞→∞→∞→∞→ n

n
n

nn
n

nn

n
n

nnnn

L
 

Answer: A 
 

 
 
 
 
32. (Tie Break No.4) Find a vertical line kx =  that divides the area enclosed by yx = , 2=x , 

and 0=y  into two equal parts. 
 

Solve ∫∫ =
2

2

0

2

k

k

dxxdxx  for k. 

23

0

3

33
k

k
xx

=  

33
2

3

333 kk
−=  

82 3 =k  and 3 4=k . 
Answer: A 

 
 
 
 

33.  Find 
d
dx

f x( )  if 
d
dx

f x x( )3 6= .  

 

We have [ ] [ ] )3('33)3(')3( xfx
dx
d

xfxf
dx
d

=⋅= . 

xxf 6)3('3 =  

)3(
3
2

)3(' xxf =  

xxf
3
2

)(' =  

Answer: E 
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34. Express 
x

x
x

x
cos1

sin
cos1

sin
+

−
−

 in terms of a single trigonometric function. 

 
 

x
xxxx

x
x

x
x

2cos1
)cos1(sin)cos1(sin

cos1
sin

cos1
sin

−
−−+

=
+

−
−

 

 

x
x
x

x
xx

cot2
sin
cos2

sin
cossin2

2
===  

Answer: D 
 
 
 
 
 
35. Find the distance from a highest point to its closest lowest point on the graph of  xy cos= . 
 
The coordinates of the highest points on the graph of xy cos=  are ( )1,2 πk , where k is any integer. 
The lowest point that is closest to ( )1,2 πk  is ( )1,)12( −− πk  or ( )1,)12( −+ πk . 

The distance between them is ( )( ) 4))1(1(122 222 +=−−+±− πππ kk  . 
Answer: E 

 
 
 
 
 
36. The two shorter sides of a right triangle have lengths 2 and 5 .  Let x be the smallest angle 

of the triangle.  What is xcos ? 
 
  

The hypotenuse of the right triangle is ( ) 352
22 =+ . The adjacent side of the smallest angle x is 

5 . Therefore, 
3
5

cos =x . 

Answer: D 
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37. If we have xxf 4cos5)(sin −= , then =)(cos xf ? 
 
  

( ) ( )( )1sin212512cos254cos5)(sin
222 −−−=−−=−= xxxxf  

( )( ) ( )( ) ( ) xxxxxf 4cos512cos2511cos2251cos2125)(cos 22222 −=−−=−−−=−−−=  
 

Answer: A 
 
 
 
 
 
38. (Tie Break No. 5) Solve the inequality 1cossin0 <+< xx  for π20 <≤ x  . 
 

1
2

1
cos

2
1

sin20 <







⋅+⋅< xx  

2
1

4
sincos

4
cossin0 <+<

ππ
xx  

2
1

4
sin0 <






 +<

π
x   

K , 
44

0
ππ

<+< x , π
ππ

<+<
44

3
x , 

4
9

4
2

ππ
π <+< x , π

ππ
3

44
11

<+< x ,K  

 

K , 0
4

<<− x
π

, 
4

3
2

ππ
<< x , π

π
2

4
7

<< x , 
4

11
2

5 ππ
<< x ,K  

Since π20 <≤ x ,  we have 
4

3
2

ππ
<< x or π

π
2

4
7

<< x . 

Answer: C 
 
 
 
 
 
 

39. ?
12

sin =





 π

 

 

4
26

2
1

2
2

2
3

2
2

6
sin

4
cos

6
cos

4
sin

64
sin

12
sin

−
=⋅−⋅=−=






 −=






 πππππππ

 

 
Answer: A 
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40. Using degree measure, evaluate the following sum: 
( ) ( ) ( )ooo 100tantan100coscos100sinsin 111 −−− ++  

 

 

( ) ( ) ( )
( ) ( ) ( )

oooo

ooo

ooo

100)80(10080

)80tan(tan100coscos80sinsin

100tantan100coscos100sinsin
111

111

=−++=

−++=

++
−−−

−−−

 

Answer: A 
 
 
 
41. A bowling ball with a circumference of 30 inches is tightly packed into the smallest possible 

cubical box for shipment.  What proportion of the box’s space is occupied by the bowling 
ball? 

 
Let r  be the radius of the ball. 

The volume of the ball is 3
1 3

4
rV π= . 

The edge of the cubical box is r2 and the volume of the box is 33
2 8)2( rrV == . 

68
3
4

3

3

2

1 ππ
==

r

r

V
V

  

Answer: B 
 
   
 
42. There are 1817 freshmen at Mullet University this semester.  Of these, 458 are taking at 

least one course in computer science, 571 are taking at least one course in mathematics, and 
300 are taking courses in both computer science and mathematics.  How many of these 
freshmen are not taking a course in either computer science or mathematics this semester? 

 
 
The number of the students not taking either is 

1088)300571458(1817 =−+−  
Answer: D 



Solutions of Math Bowl 2007  Written Test 

 15 

43. A right circular cone is inscribed in a sphere with a radius r. If the area of the base of the 

cone is 
4

3 2rπ
. Find the volume of the cone. 

 

The radius of the base of the cone is r

r

R
2
34

3 2

==
π

π

. 

 

The height of the cone is rrrrrrh
2
3

2
1

2
3

2

2 =+=









−+= . 

 
The volume of the cone is 

( )
8

3
2
3

2
3

3
1

3
1 3

2

2 r
rrRhV

π
ππ =










⋅⋅






⋅==  

 
Answer: A 

 
 
 

44. Find the oblique asymptote of 
56

15112
)(

2

23

++
−++

=
tt

ttt
tH  

 
Using long division, we have 
 

56
4

12)(
2 ++

+
+−=

tt
t

ttH  

The oblique asymptote of )(tH is 12 −= ty . 
 
 

Answer: B 
 
 
 
45. If 135cos =ϕ  and oo 360270 << ϕ , find ϕtan  
 

0tan <ϕ  since oo 360270 << ϕ . 

5
12

25
144

1
25

169
1

5
13

1
cos

1
1sectan

2

2
2 −=−=−−=−






−=−−=−−=

ϕ
ϕϕ   

Answer: B 
 

r
2
3

r
2
3

r 

 


