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Math Bowl 2005
Suggested Solutionsto the Written Test

1. Let f(x)=ax®- bx® +cx- 10 If f(7)=12,find f(-7).
f(-7=a(-7)°-b(-7)°+c(-7)- 10
-ax7® +bx73 - ¢xX7+10- 20
- f(7)- 20=-12- 20=-32
Answer: (A)

2. If x¥ =1/2, then (X°)¥ =2

Answer: (C)

3. If log,2=x, log,3=y, and log, 5=z, then log, (0.075) =?

Iogb0.075:logb23—?il\_):logb3- 3log, 2- log, 5

=y-3x-2z
Answer: (B)
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If the three segments inside the rectangle have the same length then the sum of their
lengths is:

Using the Pythagorean Theorem, < 3 N
X=A/F+4 =5
3x=15
4 X
< >
9

Answer: (D)

Find x* + y* if xand y are positive integers such that xy + x + y =71 and
Xy + xy* =880

ixy+(x+y)=71 (1)

We have .
T Xy(x+y) =880 (2

Substituting (x+y) - 880 into (1), we have xy+@ =71 or (xy)?- 71(xy)+880=0
Xy Xy

xy=16and x+y =55 or xy=55 and x+y =16. Inthefirst case, x and y areirrationa
numbers. It contradicts the assumption. In the second case, we have x =11and y =5, or
x=5and y =11. Then x* +y? =11> + 5 =146

Answer: (A)

If tan'!2x+ tm'13x=%,what is the value of x ?

tan(tan'12x+tan'13x):tanpz

tan(tan * 2x) + tan(tan ' 3x) _ )

1- tan(tan "' 2x) tan(tan "' 3x)
2X+3X

1- 2x:3x

6x? +5x-1=0, x:% or x=-1

Noticingtan™*(- 2) +tan (- 3) <0, x =- 1 is not the solution x :% is the only solution.

Answer: (E)
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If f(2x+1)=4x*+2x- 6, find the sum of the zeros of f (x).

f(2x+1) =4x* +4x+1- 2x-1- 6=(2x+1*- (2x+1)- 6
f(x)=x*- x-6

Since the coefficient of the x> term of f (x) isone, the sum of zeros of f (x) is the opposite
number of the coefficient of x term - (- 1) =1.

Answer: (C)

The sum of the first three terms of a geometric sequence of positive integersis equal to

seven times the first term. The sum of the first four termsis 45. What is the first term of
the sequence?

Let a be the first term of the sequence and r the common ratio.
atar+ar®=7a

a(r’+r-6)=0, r=2 or r =-3. Sincethe sequence is positive, we only can have
r=2.a+ar+ar’+ar®=45, a(l+2+2%*+2%) = 45. Hence, a = 3.

Answer: (C)

Three solid balls, each of radius 3.25 cm, are stored in acircular cylindrical can with the
smallest possible radius and volume. What fraction of the can’s volume isair?

Let r =3.25 cm. The radius of the can is r and the height of the canis6r.
Vcan :pr2>6r :&)ra

V3ba||s:3xgpr3 =4pr®

Vair - 6pr3 B 4pr3
Vcan 6pr3

-1
3

Answer: (E)
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Let p bean odd whole number and let n be any whole number. Which of the following
statements about the whole number (p2 + np) is aways true?

If niseven, (p+n) isodd since p is odd. Then, the product p(p+n) = p*+npisodd. If

(p?+np)isodd, (p+n)isoddand n=(p+n)- piseven Therefore, (p2 + np)isodd if
and only if niseven. All the statements are not true except the statement (E).

Answer: (E)
If i?=-1,then (1- i)* =2
A-i)?=1-2i+i?=-2i
@- )" =(a-2)a-i=( 2a-i=-32°a- i) =-32@- i
=-32i +32i? =-32- 32i
Answer: (B)
. 1- x .
Given f(x)=log——,if f(@)=b,then f(-a)="?
1+X
(- a) =log -2 =log(1+ a) - log(1- @) =- (log(1- &)- log(1+a))=- log=2 =-b
1-a 1+a
Answer: (B)
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Which of the following is the solution set of the inequalityl<|2x +1|<3?

The inequality 1<|2x +1|< 3 is equivalent to the system of inequalities:
1<[2x+1] and [2x+1<3

Thesolution of 1<[2x+1] is (- ¥,- DE (0, ¥)

The solution of |2x+1 < 3is (- 2,1)

Their intersection (- 2, - 1) E (0,1) isthe solution of the inequality 1<|2x +1|<3

Answer: (D)

If an2g <0 and cosq - 9nq <0, then q isterminated in which of the following
quadrants?

sn2q <0 implies 29nqcosq <0. 9ng and cosq have the opposite signs. g is
terminated in the quadrant 11 or IV.

cosq - Sng <0implies Inq > cosq .Wehavepz+ 2kp <q <5|%+2kp
Therefore, q isterminated in the quadrant I1.

Answer: (B)

Given a? +b? =1, b? +c? =2, and c? +a? = 2, find the minimum vaue of ab +bc + ca

ia® +b’ =1
Solve the system | b*> +c¢? =2
fa? +c? =2
1 A3
a’==,b*=z==and c*==.Wehave a= +— b= +— and c=+——
2 J2 N2 2
After examining al the possibilities, we have when a=b=— and c =- £ or
JE 2
a=b=-i and c=£ , ab +bc + ca has the minimum value l- A3
2 2
Answer: (E)
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Find the maximum value of the function f (x) = _
1- x(@- X)
1 1 1 1
f(x)zl- X(1- x):1- x+x? 3 o ('5:3 52
S+Ex+x? 3,80
4 e4 g 4 &2 g
Whenx = e , the function has the maximum value fgégz f
2 e2g 3

Answer: (A)

A sphereisinscribed in aright circular cone. If the height of the cone is 3 times the radius
of the sphere, what is the ratio of the volume of the sphere to the volume of the cone?

The figure is the intersection of cone and sphere with the plane passing through the axis of
the cone.

Let r be the radius of the sphere. AC =3r C
DO=0A=r,and OC=2r. OD " CD

sn bOCD -1 and BOCD =30°.
oCc 2

AB = AC tan 30° :3rxi:rJ§ D

73

Vire :ép (AB)(AC) :ép(rﬁ)%sr) =3pr°
4,

Vsphere _Epr
V V. . =4:9

sphere * ¥ cone

Answer: (A)

Thefunction f(x)=x*- 2ax- 3 (xI [1, 2]) has an inverse function, if and only if a
satisfies which of the following?

f(x)=x?- 2ax- 3=(x*- 2ax+a?)- a’- 3=(x- a)*- (@*+3
f(x)=x*-2ax- 3 (xI [1 2]) isaone-to-one function if and only if the x- coordinate
X = aof the vertex of the parabola f (x) = x* - 2ax- 3 isnot in the interval (1, 2) . a hasto
bein (-¥,JE[2 ¥)
Answer: (D)



19.

20.

21.

Math Bowl 2005

If the real numbers a, b, and c satisfy c<b <a and ac <0, Which of following statement
IS not necessarily true?

c<b<aand ac<0 donotimply b 0.If b=0, The statement cb* < ab? isfase.

Answer: (C)

There are two ways to inscribe a square into an isosceles right triangle. (See the figure (1)
and (2).) Find theratio of the area of the square in the figure (1) to the area of the square
in the figure (2) if these two isosceles right triangles are congruent.

Let | be the length of the shorter side of the isosceles right triangle. It is easy to see that the
side of the square in the figure (1) is 1/2. And the area of the square in the figure (1) is

A =1%/4.

In the figure (2), let s be the length of the sides of the

square. BC = BE =s. Noticing the both DABC and
DBDE are 45° - 45° - 90° triangles,
Wehave AB=BC xﬁ: ﬂand

2 2 Figure (1)
BD = BE %/2 =512 E

3542 In/2 ©
| =AD=AB+BD =——— and s=—

2 3
D
The area of the square in the figure (2) is A, =§I 2 A B
1 2 Figure (2)
A ==12:212=9:8
Ah 4 9
Answer: (B)

If aisarea number and in the expansion of (x+a)™, the coefficient of x’ is - 15, then
a="?

The coefficient of x” is C2a® =120a°
120a® = -15

N |-

Answer: (D)
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Circles P and L are tangent and have radii 9 and 4 respectively. Find the length of the
common tangent GN.

Connect PG and LN and draw aline passing through
L and parallel to GN. It intersects PG at Q. LQGN is
arectangle. In the right triangle DPQL ,

PL=9+4=13

PQ=PG- QG=PG- LN =9-4=5
By the Pythagorean Theorem,
LQ=4/(PL)2- (PQ)? =/13% - 5% =12
GN=QL =12

Answer: (D)

If two marbles are removed at random from a bag containing only black and white
marbles, the chance that they are both white is 1/3. If three are removed at random, the
chance that al three are whiteis 1/6. What is the ratio of black balls to white balls?

Let w be the number of white balls and b the number of black ballsin the bag. Then we
CZ2 1 q C: 1

have

w+b Cv3v+b 6 .
w(w- 1)
2 _1
(Wrb(w+b-3 3 M
2
w(w- )(w- 2)
6 -2 @
(w+b)(w+b- )(w+b-2) " 6
6
. . -2 _3
Combining these two expressions, we have — =—
(w 2+Db) 6

ww-13

Solving for b, b=w- 2. Subgtituting it in to (1), we have 1
(2w- 2)(2w- 3) 3

w=6and b=4.b:w=2:3
Answer: (D)

Find i +2i? +3i% +...+ 2004i ** + 2005i 2°*

i +2i2+3%+4i* + ...+ 2001 *°* + 2002i ?°° + 2003 2% + 2004i *°** + 2005i 2°*
=((-2+4) +(-6+8) +--- + (- 2002 + 2004)) + ((1- 3) +(5- 7) +---+(2001- 2003) + 2005)i
- 2@& Ee ‘*2003 19+ 20059 =1002+1003

4]

Answer: (B)
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Express the perimeter of trapezoid ABCD in simplest exact formif DC =4 and AD=6.

DE = ADsin 30° _6><"?—1—_3 CF
e2

ﬂ

AE = AD cos30° = 6 2 a3
gz P

EF =DC =4
CF 3
B_—:_:.\/—
tan60° /3
CF 3
CB=——mm=— = ,\/§
dn60° /3

The perimeter of ABCD is
AD+ AE+EF + FB+BC+DC =6+3/3+4++/3+2/3+4=14+6+/3

Answer: (E)
What is the solution to the following equation?
4=1+2X+4x* +8x°3 +16X* +--- +2"X" +---
4=1+2x+4x> +8X° +16X" +---+ 2" X"+ :% (|24 <1)

- 2X
4(1- 2x) =1
X =3/8
Answer: (C)

A ball is dropped from a height of 24 feet. Each time it drops h feet, it rebounds %h feet.
Find the total vertical distance traveled by the ball.

Thetotal vertical distance traveled by the ball isthe sum

24 + 249__+249__+243939 +248§9 +...=-24+48+4 __+4 =0 4.
e

e3g e3g e3ﬂ
:-24+£:120
2
1- £
3

Answer: (C)
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If n3 2 isanatural number, which of the following integers must be divisible by 3?

nin®-1)=(n- Hn(n+1)
For any natural numbern3 2, oneof (n- 1), n,and (n+1)isamultiple of 3.
Answer: (A)

Let AB be adiameter of acircle with length 26. Let C and D be located on AB such that
AC =1and AD =8. Let E and F be points on one of the arcs AB for which EC and FD are
perpendicular to AB. Find EF.

DB =AB- AD =26- 8=18 F

E
SinceDAFD ~ DFBD wehave%_%

FD --|C
(FD)? = (AD)(DB) = §(18) =144
FD =12
Similarly, CB=AB- AC=26-1=25

A c b B
DAEC ~ DEBC , EC_cB

AC EC
(EC)* =(AC)(CB) =1(25) =25
EC =5
Through E, draw aline parallel to AB. It intersects
FDa G.

GF =FD- GD=FD- EC=12-5=7and EG=CD=AD- AC=8-1=7
DEGF isaright triangle. By Pythagorean Theorem,

EF =4/(EG)2 +(GF)? =72 + 72 =742

Answer: (D)

6cos* x+59n? x- 4

Find the range of the function f (x) =
cos 2X

6cos® x +5(1- cos® x)- 4 _ 6¢cos” x- 5cos”x+1 _ (3c0s” x - 1)(2cos® x- 1)
2cos® x- 1 2cos® x- 1 2c0s” x- 1

Domain of f(x)is}x|x1 P kpr\l';'(klsanylnteger)
|

f(x)=

Since0£c052x£1,-1£30052x-1£2.Wehave300528@+kp0 1= 3? 1——.
Hence, therange of f (x)is {y|-1£y £ 2andy® 1/2} 0riy|-1£y<%or%<y£2[\g
|
Answer: (C)

10
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Express 9n 3x interms ofgn x.

gan 3x = 9n( 2x + X) =9Nn 2XCcos X + cos2x9n X
= 29N XCoSXCosSX + (1- 29n?x)dn x = 28n x(1- Sn?Xx) +9n x- 2sn®x

=3dn x - 4dn° x
Answer: (B)

If atangent lineis drawn from the point (2, - 3) tothecirclex®+ y* - 2x - 4y- 1=0, find
the distance from (2, - 3) to the point of tangency.

The equation of the circle can be rewritten in
(x-D*+(y-2*=6

It has the center O at (1, 2) and radi us+/6.
The distance from A (2, - ) tothe center O is

AO=,/(2- )% +(-3- 2)> =/26 0(1,2) A(2,-3)
Let B be the point of tangency.

DABO isaright triangle.
By the Pythagorean Theorem,

AB =./(AO)?- (OB)2 =~/26- 6 =25

Answer: (C)
Find the exact value of tan(cos *(sin 30°))
1 s
tan(cos™ *(sn 30°)) = tan?fc):os'1 59 =tan60° =+/3
e @
Answer: (C)

1
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Let x be areal number suchthat secx- tanx=2. Find secx + tan X.

2_(secx-tanx)(secx+tanx)_se(:2x- tan? x _ 1
SeC X+ tan X SseCXx+tanx  Sec X+ tan X

1
%CX"’tanX:E

Answer: (B)

The graph of f (x) = cot(4x +f ) passes through the point (p/6, 0). Which of the
following could be avalue of f ?

dO, 0
COt ——+f :_0
gng Q)
2IO+ p __P : : - P p P
—+f ==+kp andf =- =+kp , wherek isany integer, or f = —_— =
3 2 e 6 P Y I 6 6 6
Answer: (E)
Find the minimum value of y =dn X+ cos X.
y =N X + CoSX =J§8€ign x+icosx9=\/§§%osgs'n x+sn 2 cosx?
&2 N2 g & 4 4 g
:.\/Eg'n$(+39
e 4o
The minimum value of y is - 2
Answer: (B)
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Let f (X) =sn" x+cos" x. For how many values of x in[0, p]isit true that
6f,(X) - 4f;(x)=2f,(x)?

6(sin * x +cos* x)- 4{sin ® x+ cos® x) = 2(sn?+ cos? x)
6(sin * x +cos* x)- 4{sn? x+ cos? x)gn* x - §n 2 xcos? x +cos* x) = 2
6(sin * x +cos® x)- 4(sn* x- sn? xcos? x+cos* x)= 2
2dn * x +4dn? xcos® x+2cos* x =2
2(9'n ? x+cos’ x)2 =2
It is an identity. It is true for any x vaue.
Answer: (E)

¥
Find the following sum: § 2;
=1 N°+4n+3

3 1 _ld el 1 6_ laed 1o, &d 1o, &d 10, a4 16 ©
AP ran+s  2%&n+3 n+lp  2%4 20 &5 30 86 4o &7 50 g
_1lgel 155
T 286 2 3g 12

Answer: (D)
In right triangle ABC, if AD = DB +8, what is the value of x?

A

By the Pythagorean Theorem, in DABD
12% + (DB)? = (AD)? = (DB +8)? 2
144 + (DB)? = (DB)? +16DB + 64 15
DB =5
By the Pythagorean Theorem again, in DABC
BC =4/(AC)?- (AB)? =~/207- 122 =16 m | |
x=BC- DB=16- 5=11 B D | X

Answer: (B)

13
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Solve the following equation for x: sn ™ x - cosix=2

s'n(s'n'lx- cos™ x):s'n%

dn(gn ™ x)cos(cos™* X) - cos(sin " x)sin(cos ™t X) :%

XX - AJ1- X% 1- X :%

2)(2_]_:1’)(2:2,)(:1—3
2 4 2
&e o] & 0
gn ¢ ﬁz cos tc- E::_B_ »,P , xzﬁistheonlysolution
gzé 25 3 6 6 2

Answer: (C)

A multiple-choice examination consists of 20 questions. The scoring is +5 for each
correct answer, - 2 for each incorrect answer, and O for each unanswered question. John’'s
score is48. What is the maximum number of questions he could have answered correctly?

Let x be the number of the problems answered correctly and y the number incorrectly.

We have 5x- 2y =48. x=48+2y

Bothx and y have to be nonnegative integers. y =1,6,11,---.
Also, x+y=20.1f y3 11, then x3 14and x+y3 20. Wehave y<11.

. + 2
Therefore, when y =6 and x has the maximum value x = 48+2:6_ 12
Answer: (D)
Find fim S252%~ 1
x® 0 X
; - 2dn2x- e 5 ¢
|X®Ocoszi< 1_"&1 251n2 X 12'1&@’ 5 a8n X0 - _0x? =
X X X e X g5
Answer: (A)

14
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A speaker talked for sixty minutes to a full auditorium. Twenty percent of the audience
heard the entire talk. Ten percent dlept through the entire talk. Half of the remainder
heard one-third of the talk and the other half heard two-thirds of the talk. What is the
average number of minutes of the talk heard by members of the audience?

Let x be the number of the members of the audience.

07gdg 07206 0
_ 60%%.2(1)x+ O.l(O)x +7855X+ > 83;5_

T = 60(0.55) = 33

ave

X

Answer: (D)

An international mathematics conference was held at a neutral site. A total of 15 delegates
were from Japan, England, United States, and Russia. Each country sent a different
number of delegates, and each was represented by at least one delegate. The United States
and England sent atotal of 6 delegates. One country sent exactly four delegates. England
and Russia sent atotal of 7 delegates. Which country sent the most number of delegates?

Since one country sent exactly four delegates, we can list the all possibilities as the
following:

England Japan Russia United States
No.1 4 6 3 2
No.2 2 4 5 4
No.3 3 5 4 3
No.4 2 4 5 4

Since each country sent a different number of delegates The only possibility is the case
No. 1.
Answer: (B)

The areas of two similar triangles are 45 cnf and 80 cn?. The sum of their perimetersis
35 cm. Find the perimetersof the triangles.

Let A and P, (i =1, 2) bethe areas and perimeters of the similar triangles.

45 R’
Wehave 2 =2 =1 ,16P° =9P7,
80 A, P,
i 4R, =3P,
Solve the systemj .P,=15and P, =20
TR+, =35

Answer: (A)

15




