Math Bowl 2004

Math Bowl 2004 Solutionsto Written Test

If f(x)=ax’+bx+c, f(1)=3,and f(-1)=3;then a-+cequas

f()=a+b+c=3 Q)
f(-)=a-b+c=3 2

(1) +(2)
2(a+c) =6

a+c=3

Answer: C

Theratio of x toy isequal to one over their sum. Expressy in terms of x.

x_ 1

y  x+y
X(X+y) =y
X*+xy=y
x? =y(l- X)

Answer: A

The area of atriangleis 30. If its base is 4 more than its height, what is the length of its
height?

Let h be the height of the triangle.

30= %h(h +4)

h?+4h-60=0 (h- 6)(h+10)=0

h=6
Answer: D
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(TieBreak No. 1) If log, 2=a, log, 3=b, and log, 5=c, find IogX% in terms of
a, b,andc.

24 2°X3) _

Iogx£=logX =2 3log, 2+log,3- 2log,5=3a+b- 2c

Answer: B

Each small circle has diameterd =6m. The small circles are tangent to a large circle from
inside; and tangent to each other at the center of the large circle. Find the area of the shaded
region

The radius of the large circleis 6

The area of the large circle A = 6°>p =36p
The radius of the small circleis 3

The area of the small circle A, =3%>p =9p
The area of the shaded region

A=A - 2A, =36p - 259 =18 m’

Answer: B

Solve the ssimultaneous equations 2x- 5y =4, and 3x+ 2y = 25; then use your answers to
evaluate the expression x° + 2y~

2x- 5y=4 1)
3x+2y=25 2
D -3+ 2

19y =38

y=2ad x=7

x> +2y* =7°+2x* =351
Answer: B
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John Q. Ferris goes to ride the Ferris Wheel at the state fair. If the distance from the seat to
the center of the wheedl is 50 feet, and the whedl goes around 3 times every minute, find the
speed in feet/sec of someone riding the whedl.

3:2:50p
eed S = ——
> 60

=5p ft/sec

Answer: B

Point A is 3 inches from line b as shown in the diagram. In the plane that contains point A
and line b, what is the total number of points which are 5 inches from A and also 1 inch from
b?

As shown on the 2 A
figure, there are PRGN
four points R BN N
satisfying the 5 N -
requirement e S g Y .
// II ‘\ RS
______________________________ NS SO
N ; e
! ,: \\ L b
_____-~_____.\-.\,3’\_ ________________ O
Answer: E

Bob and Ted are on a bike ride. Ted runs into a tree, ruining his bike. They are 16 km from
home. They decide that Ted will start on foot and Bob will ride his bike. After awhile Bob
will leave his bike beside the road and continue on foot so that Ted can ride the bike home
when he gets to where Bob |eft the bike. Bob walks 4km/ hr and bikes 10km/hr while Ted

walks 5km/ hr and bikes 12km/ hr . For what length of time should Ted ride the bike if they
are both to arrive home at the same time?

Let x be the length of time for Ted to ride and y the length of time for him to walk.
12x+5y =16 1)

5y 12x

—+—=x+yordx- y=0 (2

02 y y=0 (2

D+@)° 5
32x=16

x=1hr
2

Answer: A
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Let {a,, a,, a,} be afinite geometric sequence and 1<a, <a, <a,. Then
{log,, 5 10g,, 5 log, 5} hasthe property:

Let a,=a, a, =ar,and a; =ar’

Ioga15:|n—5,loga5: In5 _ In5 Jand log_ 5= In52: In5
Ina ? Inar Ina+inr : In ar Ina+2Inr

Thereciprocalsof log, 5,log, 5, and log, 5 form an arithmetic sequence with common

difference In_r

In5
Answer: C
. . _ I¥-2
(Tie Break No.2) The domain of the function f (x) =log, Tl IS
X+
-2 -1/2 2
Signsof (| x|-2) T T O++++++++++++++

R | o e

Signsof (2x+1) -----------
|x]-2 | |

Signsof —— ----------- O++ ¥ ------------ O++++++++++++++
2X+1

The Domain of f(x) is (-2, - 1/2)E (2, ¥)
Answer: A

The Simpson’s want to build a deck with arailing around a corner of their house. The railing
will measure 30 meters, AB =DE, and BC =CD . What should AB measure to maximize

the area of the deck?
B C

Let x=AB=DE ad y=BC =CD Deck

2x +2y =30 Q)

Areaof thedeck A=y?- (y- x)? (2) A

Solve (1) for y and substitute the result into (2).

A=(15- x)* - (15- 2x)* House E D
=-3x*+30x=-3(x- 5)*+75

When x =5m, A has the maximum value 75m°

Answer: A



13.

14.

15.
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_— an 2
Simplify — - X 5
gn® x+d9n xcos® X
gn 2x _ 29N xcosx _ 29N XCOSX _ 2coSX
dn®x+dn xcos® X  gn x(sin? x+ cos® ) sn xx
Answer: D
Find x+y+z given that =Y -_Z -
3-x 5-y 16-z
Solvegi:Zforx Xx=2(3-x) x=2
- X
SolveLZZfory y=2(5-y) y:E
5- 3
Solve —%— =2 forz 2=2(16- 2) zzﬁ
16- z 3
x+y+z:2+E+g:16
3 3
Answer: B
If the tanx =— 2 where a>b>0 and 0° <x <90°, then an x="?
a -
., 1 _ 1 1 _ tan?x
an-X= 2, 2 - - 2
cscx  cotx+1 1 L1 ten"x+1
tan? x
e 2ab 92
L, &-ry (2ab)? _ (2ab)? _e2ab &
SneX= 2 2 SRR IV P T B S T R H SR T 1
e 2ab § (2ab)° +(a“ - b®)* 4a’b®+a”- 2a’b*+b* ea“+b° g
¢ 2 Tl
ga’-b°g
sinx-—Zab
a’ +b?

Answer: E
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16. A circlewithradius 1 and a square with side \/3 have the same center. Find the
area of the region overlapped by these two figures.

The region can be divided into four congruent 1
triangles and four congruent sectors. _—

1 p | N /

Area of the sector :—><12><B:— / \

A3 Bl N o
1,3, _43

Areaof thetriangle A, = =x—xX=—
ge A 2 2 4

Area of theregion A:4(A1+A2):%+«/§ \ /

Answer: B

17. It takes one day to fill the vat
With thislarge pipe, two days with that;
The third pipe needs but one day more;
The fourth pipe fills the vat in four.
If al four pipes together run,
How long before the task is done?

Answer: B

18. Rvaries as the square of zand inversely asthe cube of T. If zistripled and T is doubled, the

vaueof Ris
Z2
Rsz
(32> 92 2° %
(@) 8§ T4

Answer: B
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& -5 -8j &2 3 1y
19. Let A=gx -2 -3iadB=g3 1 33 IfB=A" then x+y=2
g6 -4 -4 B0 2 vf

X(-2)+(-2)(-39 +(-3)(0)=0 x=3
60 +(-HER)+(-7y=1 y=-1
X+y=2
Answer: C

20. If the line through (3,2) and (- 4, p) is perpendicular to the linex +5y =12, thenp="?

Solve x+5y =12 fory

o112
5 5

The dope of thelineis m, = %
The perpendicular opeof m, ism, =5

Solve - 23 =5 forp

p=-33
Answer: A

21. A merchant sells aradio making a profit equal to 25% of the cost. What isthe ratio of the
cost to the selling price?

Let p be the price and C the cost

19
p=¢l+—=C
g 4y
c__¢ _1_4
p 1. 5 5
+=3C =
?421 4

Answer: E
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Find the minimum value of the function y =+/2x? +/8x - 2

y=f2(x2 +2X)- 2=2(x% + 2x+1) - JJ2- 2=/2(x+1)? - J2- 2

When x =- 1, y has the minimum value - J2-2.
Answer: B

(Tie Break No.3) Find the difference between the largest and the smallest values of X that
satisfy the equation:  4(8*)- 21(4*)+21(2* )= 4

Let y=2%.

4y®- 21y* +21y- 4=0

y =1 isasolution. Factor out (y - 1)
(y-D(4y*-17y+4)=0

(y-D(4y-1(y-4)=0

Then we have y = 2* :%, y=2"=1l,and y=2"=4
Corresponding x valuesare x =-2, x=0,and x =2

The difference between the largest and the smallest values of X is4
Answer: C

If cos4x+sin4x:§ and p <x<3/2, find the exact value of sn 2x.

. . . 5 dn®2x
1=(sin? x+cos® x)> =dn* x+2sn? xcos” x + cos* x:§+ >

51'n22x=§
9

2./2

Since 2p <2x< 3 ,wehavesn 2x:T

Answer: A
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Instead of walking along two adjacent edges of an empty rectangular lot, a boy decides on a
shortcut and walks along the diagonal. |If the two adjacent edges are 40 and 30 yards
respectively, about what percent does he save?

70- 50 >0

» 0.29 = 29% 40

Answer: A

Find the area of a square that is inscribed in a circle, which isitself inscribed within a
square whose side is 5 inches.

Let x be the length of the side of the small square. 5/2
x? +x? =5?

5 5
X=—=

A2

2
Areaof the small square A:g‘e%g =12.5in.2
ev2g

Answer: A

Solve the equation 9n 15x + cos15x = 0. What is the sum of the three smallest positive
solutions?

Multiply the both sides of the equationby+/2/2.

0 0
00315x>§£i+ d9n15x >§Ej: 0 Rewriteitas coslecosB+ an 15xs'nB =
2 5 2 5 4 4
Using the difference formula of cosine cosgi5x - EQ: 0
e 4 g
p_p p _3p
15x- —=—+2 or 15x- — =2+ 2K
4 2 kp 4 2 P
X:£+&(k:0’1’2,...) X:7_p+&(k:0,1,2,...)
60 15 60 15
w=> 1p 1% w=1p 1
60" 60 60 60" 60

S:£+7_p+£:7_p

The sum of the three smallest positive solutions is
60 60 60 20

Answer: C
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Find al values of x in theinterval [0°, 360°] that satisfy the equation tan3x+1:\/§$03x.
The sum of these valuesis

Square the both sides of the equation tan3x+1= \[2sec3x
tan® 3x + 2tan 3x +1 = 2sec® 3x
tan® 3x + 2tan 3x +1 = 2(tan* 3x + 1)

tan® 3x - 2tan3x+1=0

tan3x =1

3x =45 +k180°,

x =15 +k60° (k =0,12,---,5)

x=15",75°,135°,195°, 255", or 315°

After checking, x =15°,135",and 255’ are the values satisfying the equation.
The sum of these valuesis S=15" +135" + 255" = 405°

Answer: D
Thedomainof f (x)=log(sn x) contains which of the following intervals?
Thedomain of f (x) is{x|gn x> (}.
The only interval that can be contained in the domainis 0< x<p .
Answer: C

Point (3, 2) lies on the graph of the inverse of f (x) =2x° +x+ A. Thevaueof A is

y=f*(x0 x=1(y)
3=f(2Q=242°*+(2Q+ A
3=18+ A

A=-15

Answer: B

10
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Which of the following is equivalent tosin(tan ** v) ?

Let g =tan"'v,then tang =v
1 _ 1 _ tan®’q _ Vv
csc’q  cot’q+1 1+tan?q  1+V?

2
dn?q =

Sincetherangeof g =tan*v is - p/2<q <p/2; dnq and tang have the same sign when

v
N1+ V2

g isterminated in the quadrant | or IV, we have snq =

Answer: A

If cos20° = K and cosx=2K? - 1, what are all the possible values of x between 0° and
360° ?

Cosx = 2¢0s’ 20° - 1= cog(2x20°) = cos40°
x =40° or x =360" - 40° = 320°
Answer: D

Find n such that the line y = x + 8 is tangent to the graph of the function f (x) = nv/x..

n

Let the line be tangent to the curve at (x,V,) f'(x):7 The slope of thelineis 1.
X
n
=1 1
2% D
We aso have

X +8=nx =y, )
Solve (1) for n and substitute the result into (2)

X, +8= (2 W\

X, =8
n=2J8=42

Answer: D

11
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(Tie Break No. 4) Solve the equation Sn"*2x=p/4+sn * x forx.

dn(gn " 2x) —s'n(p/4+sin'1x), 2x =dn(p/4)cog(sin "* X) + cos(p /4)x
2X_J—«/1 x? +—x (4- [2)x = J241- X

Square the both SldeS of the equation.
(16- 82 +2)x% = 2- 2x?,then (20- 8/2)x? =2
» 1 1

Xz ———— X Tt———

10- 4/2 10- 42
After checking, x = __t is the solution.

10- 42
Answer: D

Given acircle having center D and asmaller circle having diameter DC, find the ratio of the

areas of the triangles ABC and DEC that are inscribed in the large and small semicircle
respectively.

DABC and DDEC areright triangles. B
DABC ~ DDEC
AC _BC _AB_,
DC EC DE
Areaof DABC = %(AB)(BC) =
A D Ue

- 1 2x0E)(25EC) = 42 (DE)(EC) &=
2 e2 a

=4 (Areaof DDEC)
Answer: A

INDABC, AB=5, BC=7, AC=9,and Dison theside AC suchthat BD =5. Find the
ratio AD : DC ..

B
Let x = AD. Using the law of cosines, in DABD N
5 +x%-5° _
~oEix =CosA (1) 5 5\7
X

2 2 _ 92
|nDABC,M:COSA 2)
2:5:9
x> _ 19
Substitute (2) into (1). We have — = % R S .
—Eand DC = AC- x —9-E—§
3 3 3

AC:DC =19:8
Answer: E

12
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A sguare of perimeter 20 isinscribed in a square of perimeter 28. What is the greatest
distance between a vertex of the inner square and a vertex of the outer square?

Using Pythagorean Theorem,
x> +(7- x)? =5

x?- 7x+12=0

(x- 3)(x- 4)=0

Since we need to find greatest distance between d
avertex of the inner square and a vertex of the
outer square, weuse x =4

d=+72+x? =+/49+4% = /65

1=

Answer: D

In the circle shown, AP is a secant line passing though the center O of the circle; and CP isa

tangent line. The length of AP is 8, and the length of CP is 4. Find the length of the diameter
AB.

Let r be the radius of the circle.

Since DOCPis aright triangle, by the c
Pythagorean Theorem,

(OC)* +(CP)* = (OP)?

r’+4?=(8-r)?

r2+16=64- 16r +r? A o B =
r=3
Thediameter AB=2r =6

Answer: C

In the figure, ABCDEF isaright prismwith triangle base. The dtitude of the prismish. If a

plane cuts the figure through points A, C, and E, two solids, EABC and EACFD are formed.
What is the ratio of the volume of EABC to the E
volume of EACFD?

Let A be the area of DABC I

The volume of the solid EABC V, = é hA ’ ]
The volume of the right prism V = hA
The volume of the solid EACFD B
V,=V-V, :éhA 4 l".‘
Theratio of the volume of EABC to the volume of ;. \
EACFDisl1:2 A C

Answer: A

13
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Judy and Beth planned a 5000 mile trip in a car with 5 tires, 4 on the car and one spare. They
plan to rotate the tires so that each of the five tiresis on the car for the same number of
miles. How many miles will each tire travel?

000" 4 _ 4000 miles

Answer: B

The negation of the statement “For al sets, there is one subset” is

The negation of the statement “For al sets, there is one subset” is "For some sets, thereis
not one subset."

Answer: C

Let x and y be single digit natural numbers. Find the probability that X Is not equivaent to
y

a natural number.

The cardinality of the sample space is9* =81.

The numbersof = not equivalent to a natural number are 8, 7, 7, 6, 7, 5, 7, 5, and 6 when x
y

isl, 2, 34,5,6,7, 8, and 9 respectively.

8+7+7+6+7+5+7+5+6=58

Therefore, the probability that X isnot equivalent to a natural number is %
y

Answer: D

The four roots of the equation (x?- 2x+ m)(x* - 2x+n) =0 form an arithmetic sequence
whose first termis 1/ 4. Then |m- n|=7

Let % %+ d, % +2d,and % + 3d be the four roots of the equation.

Soive 2+ & 4399-2, 49, &

g—+3d—— —+d +Q—+2d—=-( 2) ford
ed a e4 a
d:l
2
1 1l 7 1 1 15
m= 430 L o m=F+108, 5,40
4 g4 2g 16 ed 2ge4d 2@ 16
15 7
n=— =
16 16
15 7 1
[m-nFE—-—==
16 16 2

Answer: B
14
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If thefunction f (X) =a* isdecreasingon (- ¥, ¥), and the graph of the function
f (x) = - x>+ 3ax- 1 is below the x-axis; we have

Thefunction f (x) =a* decreasingon (- ¥, ¥) implies

O<ax<1 Q)

The graph of the function f (x) = - x*+ 3ax- 1 below the x-axis implies the discriminant of
theequation - x* + 3ax- 1=0 islessthan 0.

(3a)°- 4x-)X-1 <0

2 2
- —<a<-— 2
3 3 2

The intersection of (1) and (2) is 0<a <§

Answer: B

(Tie Break N0.5) A set of consecutive positive integers beginning with 1 is written on the
board. One of the numbersis erased. The average of the remaining numbers is351—77 . What

number was erased?

The sum of the al numbersin the set is , Wheren isthe largest number in the set.

n(n+1)
2

We have

nn+y nn+1
2:2—<35l< 2 = n+2
2 n-1 17 n-1 2
Thisimplies n =69,0r n =70. Since n- 1=70- 1=69is not multiple of 17, it is
impossiblefor n =70. Wehave n =69
Let x be the number erased. Solve for x

69(69 + 1)
- = . X 7
2—23 -
69-1 17
2415- x _ 602
68 17
x=7

Answer: B

15



